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Outline

• Who is doing FDA?
• My old Army problem
• What are Examples of Functional Data?
• What is Functional Data Analysis (FDA)? 
• How do we analyze functional data?
• How do we use Functional Principal Component (FPC) 

scores to model responses?
• Simple case study with one FPC score 
• More complex case study – predicting wafer condition 

from 5 sensor streams & 12 FPC scores 
• My old Army problem solved
• Summary
• Additional Resources
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Who in DoD is Looking at or Already Using FDA?

• CCDC - Armaments Center
• Army Evaluation Center
• Eglin AFB
• Edwards AFB
• NAWCWD
• COTF
• NUWC
• MCOTEA
• IDA
• JHU/APL
• LMCO
• NGC
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First ran into Functional Data 15 Years ago at the 
Army’s Edgewood Chemical Biological Center 
Now…CCDC CBC

10-factor Agent Transport & Dispersion Simulation

• Able to model Concentration at a particular time, 
• or Dosage at end of time,
• but NOT Concentration shape over time
• Profs. Jeff Wu & Roshan Joseph from Georgia Tech ISyE

suggested using Functional Data Analysis
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Examples of Functional Data

• Sensor streams 
• Measurements taken over a range 
• Vibration signals 
• Spectral data 
• Tool wear
• Gun barrel degradation
• Radar/sonar signatures
• Trajectories of flights between cities
• Tracking of surgeon hand movement 
• Electrocardiograms (EKGs)

• Almost any response in a longitudinal order
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Vibration Sensor



Radar and Sonar Data



Electrocardiograms



Copyright © 2018, SAS Institute, Inc.  All rights reserved.



What is Functional Data Analysis?

Functional data analysis (FDA) is a branch of statistics that 
analyzes data providing information about curves, surfaces or anything 
else varying over a continuum. In its most general form, under an FDA 

framework each sample element is considered to be a function.

Traditional Rectangular Data Functional Data
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The curve is the 
fundamental unit 
of observation

Functional Data can also be Xs.
When one has curves as outputs 
of a DOE they are usually the Ys.



Slope 2

Analysis Method Overview: Data Landmarks 

Curve was split into sections and 
key points and slopes were used 
as separate results

Standard statistical methods 
compared each landmark value

Landmarks from new tests were 
compared to previous runs

Most effective non-FDA option

Must perform statistical analysis 
on each landmark

Peak 1

Peak 2

Slope 1

Delay 1

Based on slide from David Harrison of Lockheed Martin Corporation



Functional Data Analysis seminal work by 
James O. Ramsay and Bernard W. Silverman

200920052005
(1e 1997) Copyright © 2018, SAS Institute, Inc.  All rights reserved.



Two Ways to Use 
Functional Data Analysis

1. Functional Response DOE (F-DOE): Goal is to use 
DOE factors to predict the functional response –
the curve

2. Functional Response Machine Learning (F-ML): 
Goal is to use the functional data –
i.e. the curve(s) – to predict something 

a) yield of a batch
b) probability of detection / failure / hit
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• F-DOE & F-ML use functional principal components analysis (F-PCA)

• F-PCA breaks the data into FPC Scores and Eigenfunctions in a 
dimension reduction that is closely analogous to classical PCA

• FPC Scores are scalars that explain function-to-function variation

• Eigenfunctions explain the longitudinal variation (e.g., time)

• We fit models with the FPC scores, cluster them, graph them -
just like any other continuous data

• For F-DOE we fit the FPC scores as functions of the DOE factors 
using (FPC score) X (Eigenfunctions) as intermediate formulas, and 
(Modeled FPC score) X (Eigenfunctions) as final prediction formula

Functional Data Analysis
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How do we analyze Functional data?
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1. Convert streams of data into a function - Fit Splines or Fourier basis functions
2. Create Functional Principal Components of the basis function - do F-PCA



How do we analyze Functional data?
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1. Convert streams of data into a function - Fit Splines or Fourier basis functions
2. Create Functional Principal Components of the basis function – do F-PCA

Eigenfunctions

Functional 
Principal 
Component 
Scores
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Explains 
function-to-
function 
variation

Explains longitudinal variation

How do we analyze Functional data?
3. Eigenfunctions explain the longitudinal variation.
4. Function Summaries (FPC scores) explain function-to-function variation.
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Explains 
function-to-
function 
variation

Explains longitudinal variation

How do we analyze Functional data?
5. Products of FPC scores multiplying their corresponding eigenfunctions, when 

added to the Mean closely reproduce the individual function (batch) curves.
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𝑌 𝑋 = µ 𝑋 + 0.05 ∙ 𝐸1 𝑋 + 0.50 ∙ 𝐸2 𝑋 + 0.12 ∙ 𝐸3 𝑋
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Simple Case Study Based on Real Data
Using Functional Principal Components
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FPCs efficiently summarize your functional data in a few components, 
but how do we use these to help analyze our data?

https://www.netzsch.com

Milling Chamber

Holding Vessel

Example DoE response



Example DoE Response
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LEFT: Definitive Screening Design plus Confirmation Trials
RIGHT: Measured Batch Profiles - Thick yellow line is “Ideal” response, aka “Golden Curve”
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Single Eigenfunction and Associated 
FPC Scores for each Batch

More
Different: +79

Similar: -58 ± 2

𝑌 𝑋 = µ 𝑋 + FPC1 ∙ 𝐸1 𝑋



Copyright © 2018, SAS Institute, Inc.  All rights reserved.

DoE FactorsFunctional 
Data Curve

FPC Score

Model the FPC Scores as functions of the DOE factors
Batch 2899 
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DoE FactorsFunctional 
Data Curve

FPC Score

Model the FPC Scores as functions of the DOE factors
Batch 2908 
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DoE FactorsFunctional 
Data Curve

FPC Score

Model the FPC Scores as functions of the DOE factors
Batch 2919 
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BEFORE: Minimize Integrated Error from Target

BEFORE: Golden Curve Optimization

DoE FactorsFunctional Response, 
Difference from Target,
Integrated Error

Desirability 
(0=Bad, 1=Good)
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DoE FactorsFunctional Response, 
Difference from Target,
Integrated Error

Desirability 
(0=Bad, 1=Good)

AFTER: Minimize Integrated Error from Target

AFTER: Golden Curve Optimization



Final Prediction Model

DoE FactorsFunctional 
Data Curve
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Two Ways to Use 
Functional Data Analysis

1. Functional Response DOE (F-DOE): Goal is to use 
DOE factors to predict the functional response –
the curve

2. Functional Response Machine Learning (F-ML): 
Goal is to use the functional data –
i.e. the curve(s) – to predict something 

a) yield of a batch
b) probability of detection / failure / hit
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Case Study Using Five Sensor Streams of 
Functional Data to Predict Wafer Condition 
after Anodic Bonding of Glass to Wafer

Picture from Wikipedia…

Glass Bonded to Silicon Wafer
ISSUE: 12% of Wafers become Defective

BUT won’t Know for Weeks which have Failed!



The bonding tool has several sensors that take real-time 
measurements of Charge, Flow, Piston Force, Vacuum, & Voltage.

Can we use these sensor data to predict with high probability the 
wafers that were damaged by the bonding process – right now?

Anodic Bond Data: 
2000 Wafers X 61 Time Steps = 122,000 Rows



Anodic Bond Data: 
Discrete Observations



Anodic Bond Data: Smoothed Data Streams 
from 2000 Glass-to-Wafer Bonds

Perform F-PCA on Flow



What is Functional Data Analysis?

Functional data analysis (FDA) is a branch of statistics that 
analyzes data providing information about curves, surfaces or anything 
else varying over a continuum. In its most general form, under an FDA 

framework each sample element is considered to be a function.

2000 wafers X 61 rows/wafer 2000 Functional Data Streams

Copyright © 2018, SAS Institute, Inc.  All rights reserved.

Curve is the fundamental unit of observation122,000 rows of data

Functional data to be used as inputs 
to a Machine Learning model.



How do we analyze Functional data?
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Explains 
function-to-
function 
variation

Explains longitudinal variation

5. Products of FPC scores multiplying their corresponding eigenfunctions, when 
added to the Mean closely reproduce the individual function (Flow) curves.



Flow FPC1



Table of 12* FPC Scores used to Model Condition

*5 Columns of FPC Scores NOT shown



Charge

Vacuum

Voltage

Charge FPCs

Voltage FPCs

Vacuum FPCs
Good/Bad

Neural Network Hidden Layer

Predict Wafer Condition by Fitting Neural Model 
to FPC Scores



Charge

Vacuum

Voltage

Charge FPCs

Voltage FPCs

Vacuum FPCs
Good/Bad

Logistic LASSO* Coefficients

Predict Wafer Condition by Fitting Logistic Model 
to FPC Scores

* “LASSO” stands for Least Absolute Shrinkage and Selection Operator



Results of Fitting Logistic and Neural Models



Table of Neural Model Predictions of Condition

Just misses 
being “Good” 
prediction

Not nearly  
a “Good” 
prediction

Model these 
probabilities 
to develop 
decision tree 
“stoplight.”



5%/95%

96%/4%

60%/40%

Less than 0.395

0.395 to 0.754

More than 0.754

Want to Predict Likely Failed Wafers –
Decision Tree Fit to Neural Network Probability Predictions
Built from Functional Principal Component Scores for 
Five Anodic Bonding Sensors



Table of Model Predictions and Stoplight Rule



Percentage Wafers in Each Classification 
by Training-Validation-Test Group - AND

Tabulation of Actual by Predicted Condition



Scatterplot Actual vs. Prediction in Test Group
& Tabulation of Actual by Predicted Condition

GR gets more correct, but also 
more wrong: 5.6% misclassified

BN gets fewer correct, but also 
fewer wrong: 3.6% misclassified



• When there are 1000s of batches with 1000s of measurements 
things can slow down quite a bit.

• Try using a Training set with dozens or a 100 or so batches.  
• Place the remaining batches in Validation.
• You will still get FPC for all the batches, but the mixed model 

that is fit behind the scenes will only use the training batches.

• Try subsampling down to every 10th or 20th measurement.  Often 
you have more measurements than you need.

• Use the subset of the data to ‘fail fast’ in the modeling process.

• You can always go back and refit the better models to a larger 
version of the data.

Functional Data Analysis Performance Tips



Summary
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• Functional data shows up in many forms such as sensor data, 
spectral data, simulation data - almost any response in a 
longitudinal order

• These data are often summarized to allow for “landmark” 
analysis.  This approach does not take advantage of all the data 
that has been collected and can lead to missing out on effects of 
the shape of data.

• When Functional Data Analysis of a response is combined with 
Design of Experiments one can model the shape of the data 
stream as a function of the design factors.

• One can use Machine Learning methods to fit the FPC scores 
derived from data streams (that characterize the run-to-run 
variation) to build predictive models. 



First ran into Functional Data 15 Years ago at the 
Army’s Edgewood Chemical Biological Center 
Now…CCDC CBC

10-factor Agent Transport & Dispersion Simulation

• Able to model Concentration at a particular time, 
• or Dosage at end of time,
• but NOT Concentration shape over time
• Profs. Jeff Wu & Roshan Joseph from Georgia Tech ISyE

suggested using Functional Data Analysis
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Complex Case Study using Simulation Data
128-Trial Space-Filling DOE in Six Factors + Time

128 Computer Simulations Split into 3 Subsets: 
90 Training, 30 Validation(Tune), and 8 Test
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128 Unique-Trial Space-Filling
Design of Experiments
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Y vs Time Data
for Each Trial 



128 Simulations Split into 3 Subsets: 
90 Training, 30 Validation(Tune), and 8 Test
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Fourier Basis 

Model 

on Initial Data

90 Training,

30 Validation,

8 Test



FPC Scores fit as function of DOE 

factors using Gaussian Process Model
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DoE FactorsFunctional 
Data Curve

FPC ScoresFunctional 
Data Curve



FPC Scores fit as function of DOE 

factors using Gaussian Process Model
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Functional Data Curve = Σ(“Yi FPC  Score" * “Yi Eigenfunction“) + “Y Mean Formula" 

Functional Data Curve =  Σ(“Yi FPC Score Prediction Formula" * “Yi Eigenfunction“) + “Y Mean Formula" 



FPC Scores  fit as function of DOE 

factors using Gaussian Process Model
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DoE FactorsFunctional Data Curve

Test Trial #2

Overlay of simulation 

data on top of 

Functional Data 

Curve



FDA, Neural, & Gaussian Process Model Predictions 

- All Fit to Same 90-Trial Training Subset -

Overlaid on Y vs. Time
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Test Trial #2 data 

NOT used in any 

of the models



FPC Scores fit as function of DOE 

factors using Gaussian Process Model
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DoE FactorsFunctional Data Curve

Test Trial #16

Overlay of simulation 

data on top of 

Functional Data 

Curve



Summary
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• Functional data shows up in many forms such as sensor data, 
spectral data, simulation data - almost any response in a 
longitudinal order

• These data are often summarized to allow for “landmark” 
analysis.  This approach does not take advantage of all the data 
that has been collected and can lead to missing out on effects of 
the shape of data.

• When Functional Data Analysis of a response is combined with 
Design of Experiments one can model the shape of the data 
stream as a function of the design factors.

• One can use Machine Learning methods to fit the FPC scores 
derived from data streams (that characterize the run-to-run 
variation) to build predictive models. 
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Thank You.

Questions?

Webcast recordings at 
www.jmp.com/fedgov
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upon whose work much of
this presentation is based:

Chris Gotwalt
Ryan Parker
Brady Brady
Pete Hersh

Phil Kay
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ABSTRACT:
Sensors that record sequences of measurements are now 
embedded in many systems. There is information in the shapes of 
the sensor stream that is highly predictive of the likelihood of a 
system failure or performance. These data are often being used 
inefficiently due to lack of knowledge and tools for how to properly 
leverage it. In this presentation we will show how to fit splines to 
data streams and extract features called functional principal 
component scores. This method is called Functional Data Analysis.  
Then, we use these features as inputs into machine learning models 
like neural networks. Answering a wide variety of questions 
becomes a two-step process of functional feature extraction 
followed by modeling using those features as inputs.  Additionally, it 
will be shown how when combined with Design of Experiments, one 
can then model the principal component scores to predict the 
shapes of data streams as functions of the factors in the design.
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