Exponential Smoothing as State Space

- Exponential Smoothing Models

- State Space Models

- Smoothing, State Space, Similarities and Differences

- Exponential Smoothing as State Space, 3 special cases
- Exponential Smoothing as State Space (Biopsy)

- Exponential Smoothing as State Space (Expansion)

(
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- Exponential Smoothing as State Space (Recommended)
- Exponential Smoothing as State Space (h-ahead Forecast)
(

- Exponential Smoothing as State Space (h-ahead Forecast Patterns)



Exponential Smoothing Models

- Simple Exponential Smoothing

* Frop=ali + (1 - a)F,

- Holt’s Linear

c Frpp=ali+ (1 —a)(F +Tp)

* Tep1 =Y (Fepr —F) + A =T,

- Holt-Winters (additive)

* Fror=a(Vy=Se—m) + (=) (F + T)
* Tep1 =V (Fepr —F) + A =T,

* St41 =0 —Fr-1) + (1 = 6)Se—m

« Fiiq: 1-step ahead forecast.
- Y;: Observation at t.

« T;: Trend component at t.

-« S¢: Seasonal component at t.




State Space Models

- Representation of dynamic systems
- State Variable(s): X;
« Output Variable(s): Y;
« State Dynamics: X¢yq1 < X

« Observation Process: Y; <« X;

Yt+1 Yt Yt—l

] T

T X1 T X T X

One Example:

* Yt — AXt + Et
* X¢ = BX¢ 1 + 1y
- €; and n; are uncorrelated




Smoothing, State Space, Similarities and Differences

- Holt-Winters (additive)
* Fran=a(Ye=Se—m) + (1 —a)(Fe + Tp)
* Tep1 =Y (Feor —F) + A =T,
* St41 =0 —Fr-1) + (1 = 6)Se—m
- Representation of dynamic systems
th—l Y{ YtT—l
— Xpp1 X v X
- T¢, S look like state variables, unobservable. Y; is observation.
- What is F;? What are the state dynamics and observation process?



Exponential Smoothing as State-Space ()

- Simple Exponential Smoothing (SES)

» Frya=aYe+ (1 —a)F, (1)
- State Space Equivalence

V=0t e (2)

° ftht_l-l-aEt (3)

- Here define ¥; = F;,4, define,_; = F;, and obtain €, = Y; — €;_4 from (2). Substitute
symbols in (3) accordingly, we get (1).

- The smoothing algorithm (1) is to propagate the state dynamics (3).
- The observation process is (2).

- ¥, is the state variable. Y; is the output variable.

Yiv1 = Fro1 + €41 Vi =F+ e Yioi =Feoa H €4

T | T

‘ Ftr1=Fctaee, «—— Fe=F1tae, +—— Fea=Frotae, «—— .IT”D



Exponential Smoothing as State-Space (ll)

« Holt’s Linear (HL)

c Frpp=aVi+ (1 —a)(F +Tp) (1)

* Tes1 =Y (Fepr = F) + (A =T, (2)
- State Space Equivalence

s V=t 1+ bg t e (3)

c by =41+ D +ae (4)

* by = b1+ Pe; (5)

- Heredefine¥; = Friq, -1 = F¢, by = T¢, and obtaine; =Yy — €41 — by_41 from (3).
Substitute symbols in %4) accordingly, we get fl). Similarly, (2) and (5) are equivalent.

« The smoothing algorithm (1,2) is to propagate the state dynamics (4,5).
« The observation process is (3).

« (£4 by)" is the state vector. Y; is the output variable.



Exponential Smoothing as State-Space (lll)

- Holt-Winters (additive) (HW)

c Fron=alYe=Se—m) + (A —a)(Fe + T¢) (1)
c Tey1 =Y(Frp1 —F) + (A =T, (2)
c Sei1 =6V —F) + (1= 68)Se—m (3)
- State Space Equivalence
Yo =41+ b+ Siem € (4)
c by =41+ b g +ae (5)
* by =bi_y + Be; (6)
© St =St T 0 (7)

from

« Here define ; = F;, = F;, by_1 = T, and obtain € — b,
f and (t6 ) are equwalentm(3 and

E ; Substitute symbols in 5]) accordmgly, we get (1). Similar
7) are equivalent.

- The smoothing algorithm (1, 2, 3) is to propagate the state dynamics (5, 6, 7).
- The observation process is (4).
« (¥4 bg, s;)" is the state vector. Y; is the output variable.



Exponential Smoothing as State-Space (Biopsy)

« Simple Exponential Smoothing (SES)
V=41t e
° ’gt - ft—l + aEt

« Holt’s Linear (HL)

* V=401t Dt E
° ft=ft_1+bt_1+0(6t
* by = b4 + Pe;

- Holt-Winters (additive) (HW)

D O o Rl T T "
° ft=€t_1+bt_1+0(6t
* by =be_1 + Pe;

° St = St—m + QEt

State Variables:
o X¢: e, by, and s
State Dynamics:
» O = fr(Xi-1,€0)
* by = fp(Xi—1,€r)

« St = fo(Xt—q1,€r)
Observation Process:

V=0 1+ b1+ Ssem €
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Exponential Smoothing as State-Space (Expansion)

No Seasonal

Yt == ft_l + Et

Yt - ’gt_l + bt—l + Et

Y =41+ Pbiq + €

Y =20 1bt1 + €

Yt = {)t_lb?_l + €t

Yo =418

Ve = ($¢-1 + be-1)e:
Yo = ($e-1 + dbe—1)&;
Yo =i 1be 18

Yt - 'Ft_lbt(:p_lgt

Additive Seasonal

SES Yt = ft_l + St—m + Et

HL | Ye =1 + b1+ Seem + €

Vi =41+ @b +si-m+ €

Ye =€ 1bi_1 + St_m + €

Y, = £e_1b |+ Seom + €
Multiplicative Error

Vi = (-1 + St-m)&e

Yo = ($e-1 + be1 + Se-m)&e

Yo = ({1 + Gbr—q + St_m) &

Yo = (Pt-1be—1 + St-m) &

Y, = ({)t—1b::p_1 + St_m)ét

HW

Multiplicative Seasonal
Yo =4 1Se-m T €
Vi = ($e-1 + be-1)St-m + €
Vi = ($e-1 + dbe—1)St-m + €

Yi = Ci_1b_1Seem T €

Ye = ft—1b;p_15t—m + €

Ye =0 1St—mé&:
Ye = (Pr—1 + br_1)St—mé&:

Ye = (£r—1 + dbr_1)St—més

Yi = €r_1br_1Se—mét

Yy = f’t—1b§b_15t—m€t



Exponential Smoothing as State-Space (Recommended)

Yt = ft—l + Et
Yo =4i1+bi1+e
Y =01+ Pbiq + €

Vi =418

i = ($t-1 + be-1)&
Vi = ($t-1 + Pbe_1)&;
Yi =0 1D 18

Yt — ft—lbg)—lgt

Yt = ’gt_l + St—m + Et
Yo =41+bi1+Semte

Yo =01+ b g + St + €

Ye = ($e-q1 + St—m)ée
Ye = ($t—1 + be1 + St—m)&;
Ye = (Pr—1 + Pbr_q + St_m)és

i =4t 1St-mé¢

Yo = (£e—1 + bt—1)St-mé¢
Vi = ({r—1 + dbr—1)St-mé:
Yi = 4t—1bt—1St-mé&t

Yy = f’t—lb?_lst—m& _
Jmp



Exponential Smoothing as State-Space (h-ahead Forecast)

Vern = ¢

Vesn = ¢ + hb;
Vesn = ¢ + dpb;

Vern = L

Ve+n =ty + hby
Vern = f¢ + dnbe
Vern = ftbt{l

Peon = £ebP

Vern =€t + St—m+n,,

Vien =€c + hbe + Se_myn,
Vien =t + Onbt + St_man,,

Vevn = Ut + St-m+n,,

Vien = €c + hby + Se_myn,

Vien = e + Gnbe + St—man,,

d4, is a function of @ and h. h... is a function of h and m.

Veen = CtSt—m+n,,

Vien = (£t + hbe)St—man,,
Veen = (Bt + dnbe)St—man,,
Veen = ftb?St—m+hm

o™

Veen = Ceby "St—msn,,



Exponential Smoothing as State-Space (h-ahead Forecast)

£;: Constant
€+ + hb;: Linear Trend
£ + ¢ bs: Damped Trend

£: Constant

£ + hb: Linear Trend

£+ + ¢pby: Damped Trend
£,.bl: Non-linear Trend

ftbgbh: Non-linear Trend

Yt + St—m+n,,: Seasonal Pattern
Linear Trend + Seasonal Pattern

Damped Trend + Seasonal Pattern

t¢ + St—msn,,: Seasonal Pattern
Linear Trend + Seasonal Pattern

Damped Trend + Seasonal Pattern

{¢St—m+n,,: Seasonal Pattern
Linear Trend X Seasonal Pattern
Damped Trend X Seasonal Pattern
Non-linear Trend X Seasonal Pattern

Non-linear Trend X Seasonal Pattern

Jmp



