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Exponential Smoothing as State Space

• Exponential Smoothing Models

• State Space Models

• Smoothing, State Space, Similarities and Differences

• Exponential Smoothing as State Space, 3 special cases

• Exponential Smoothing as State Space (Biopsy)

• Exponential Smoothing as State Space (Expansion)

• Exponential Smoothing as State Space (Recommended)

• Exponential Smoothing as State Space (h-ahead Forecast)

• Exponential Smoothing as State Space (h-ahead Forecast Patterns)
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Exponential Smoothing Models

• Simple Exponential Smoothing

• ℱ𝑡+1 = 𝛼𝑌𝑡 + 1 − 𝛼 ℱ𝑡

• Holt’s Linear

• ℱ𝑡+1 = 𝛼𝑌𝑡 + 1 − 𝛼 ℱ𝑡 + 𝑇𝑡

• 𝑇𝑡+1 = 𝛾 ℱ𝑡+1 − ℱ𝑡 + 1 − 𝛾 𝑇𝑡

• Holt-Winters (additive)

• ℱ𝑡+1 = 𝛼(𝑌𝑡−𝑆𝑡−𝑚) + 1 − 𝛼 ℱ𝑡 + 𝑇𝑡

• 𝑇𝑡+1 = 𝛾 ℱ𝑡+1 − ℱ𝑡 + 1 − 𝛾 𝑇𝑡

• 𝑆𝑡+1 = 𝛿 𝑌𝑡 − ℱ𝑡−1 + 1 − 𝛿 𝑆𝑡−𝑚

• ℱ𝑡+1: 1-step ahead forecast.

• 𝑌𝑡: Observation at 𝑡.

• 𝑇𝑡: Trend component at 𝑡.

• 𝑆𝑡: Seasonal component at 𝑡.
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State Space Models

• Representation of dynamic systems

• State Variable(s): 𝑋𝑡

• Output Variable(s): 𝑌𝑡

• State Dynamics: 𝑋𝑡+1 ← Xt

• Observation Process: 𝑌𝑡 ← 𝑋𝑡

One Example:

• 𝑌𝑡 = 𝐴𝑋𝑡 + 𝜖𝑡
• 𝑋𝑡 = 𝐵𝑋𝑡−1 + 𝜂𝑡
• 𝜖𝑡 and 𝜂𝑡 are uncorrelated

𝑌𝑡

𝑋𝑡𝑋𝑡+1

𝑌𝑡+1

𝑋𝑡−1

𝑌𝑡−1
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Smoothing, State Space, Similarities and Differences

• Holt-Winters (additive)

• ℱ𝑡+1 = 𝛼(𝑌𝑡−𝑆𝑡−𝑚) + 1 − 𝛼 ℱ𝑡 + 𝑇𝑡

• 𝑇𝑡+1 = 𝛾 ℱ𝑡+1 − ℱ𝑡 + 1 − 𝛾 𝑇𝑡

• 𝑆𝑡+1 = 𝛿 𝑌𝑡 − ℱ𝑡−1 + 1 − 𝛿 𝑆𝑡−𝑚

• Representation of dynamic systems

• 𝑇𝑡, 𝑆𝑡 look like state variables, unobservable. 𝑌𝑡 is observation.

• What is ℱ𝑡? What are the state dynamics and observation process?

𝑌𝑡

𝑋𝑡𝑋𝑡+1

𝑌𝑡+1

𝑋𝑡−1

𝑌𝑡−1



Part  of  “Making Your Forecast  Faster and Easier ”, 2020, J ian Cao and Peng L iu,  Munich.

Exponential Smoothing as State-Space (I)

• Simple Exponential Smoothing (SES)

• ℱ𝑡+1 = 𝛼𝑌𝑡 + 1 − 𝛼 ℱ𝑡 (1)

• State Space Equivalence

• 𝑌𝑡 = ℓ𝑡−1 + 𝜖𝑡 (2)

• ℓ𝑡 = ℓ𝑡−1 + 𝛼𝜖𝑡 (3)

• Here define ℓ𝑡 = ℱ𝑡+1, define ℓ𝑡−1 = ℱ𝑡 , and obtain 𝜖𝑡 = 𝑌𝑡 − ℓ𝑡−1 from (2). Substitute 
symbols in (3) accordingly, we get (1). 

• The smoothing algorithm (1) is to propagate the state dynamics (3). 

• The observation process is (2).

• ℓ𝑡 is the state variable. 𝑌𝑡 is the output variable.

𝑌𝑡 = ℱ𝑡 + 𝜖𝑡

ℱ𝑡 = ℱ𝑡−1 + 𝛼𝜖𝑡−1ℱ𝑡+1 = ℱ𝑡 + 𝛼𝜖𝑡

𝑌𝑡+1 = ℱ𝑡+1 + 𝜖𝑡+1

ℱ𝑡−1 = ℱ𝑡−2 + 𝛼𝜖𝑡−2

𝑌𝑡−1 = ℱ𝑡−1 + 𝜖𝑡−1
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Exponential Smoothing as State-Space (II)

• Holt’s Linear (HL)

• ℱ𝑡+1 = 𝛼𝑌𝑡 + 1 − 𝛼 ℱ𝑡 + 𝑇𝑡 (1)

• 𝑇𝑡+1 = 𝛾 ℱ𝑡+1 − ℱ𝑡 + 1 − 𝛾 𝑇𝑡 (2)

• State Space Equivalence

• 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝜖𝑡 (3)

• ℓ𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝛼𝜖𝑡 (4)

• 𝑏𝑡 = 𝑏𝑡−1 + 𝛽𝜖𝑡 (5)

• Here define ℓ𝑡 = ℱ𝑡+1, ℓ𝑡−1 = ℱ𝑡, 𝑏𝑡−1 = 𝑇𝑡, and obtain 𝜖𝑡 = 𝑌𝑡 − ℓ𝑡−1 − 𝑏𝑡−1 from (3). 
Substitute symbols in (4) accordingly, we get (1). Similarly, (2) and (5) are equivalent. 

• The smoothing algorithm (1,2) is to propagate the state dynamics (4,5).

• The observation process is (3).

• (ℓ𝑡 , 𝑏𝑡)′ is the state vector. 𝑌𝑡 is the output variable.
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Exponential Smoothing as State-Space (III)

• Holt-Winters (additive) (HW)
• ℱ𝑡+1 = 𝛼(𝑌𝑡−𝑆𝑡−𝑚) + 1 − 𝛼 ℱ𝑡 + 𝑇𝑡 (1)

• 𝑇𝑡+1 = 𝛾 ℱ𝑡+1 − ℱ𝑡 + 1 − 𝛾 𝑇𝑡 (2)

• 𝑆𝑡+1 = 𝛿 𝑌𝑡 − ℱ𝑡−1 + 1 − 𝛿 𝑆𝑡−𝑚 (3)

• State Space Equivalence
• 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 (4)

• ℓ𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝛼𝜖𝑡 (5)

• 𝑏𝑡 = 𝑏𝑡−1 + 𝛽𝜖𝑡 (6)

• 𝑠𝑡 = 𝑠𝑡−𝑚 + 𝜃𝜖𝑡 (7)

• Here define ℓ𝑡 = ℱ𝑡+1, ℓ𝑡−1 = ℱ𝑡, 𝑏𝑡−1 = 𝑇𝑡, and obtain 𝜖𝑡 = 𝑌𝑡 − ℓ𝑡−1 − 𝑏𝑡−1 − 𝑠𝑡−𝑚 from 
(3). Substitute symbols in (5) accordingly, we get (1). Similarly, (2) and (6) are equivalent; (3) and 
(7) are equivalent. 

• The smoothing algorithm (1, 2, 3) is to propagate the state dynamics (5, 6, 7).

• The observation process is (4).

• (ℓ𝑡 , 𝑏𝑡 , 𝑠𝑡)′ is the state vector. 𝑌𝑡 is the output variable.
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Exponential Smoothing as State-Space (Biopsy)

• Simple Exponential Smoothing (SES)

• 𝑌𝑡 = ℓ𝑡−1 + 𝜖𝑡

• ℓ𝑡 = ℓ𝑡−1 + 𝛼𝜖𝑡

• Holt’s Linear (HL)

• 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝜖𝑡

• ℓ𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝛼𝜖𝑡

• 𝑏𝑡 = 𝑏𝑡−1 + 𝛽𝜖𝑡

• Holt-Winters (additive) (HW)

• 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡

• ℓ𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝛼𝜖𝑡

• 𝑏𝑡 = 𝑏𝑡−1 + 𝛽𝜖𝑡

• 𝑠𝑡 = 𝑠𝑡−𝑚 + 𝜃𝜖𝑡

State Variables:

• 𝑋𝑡: ℓ𝑡, 𝑏𝑡, and 𝑠𝑡

State Dynamics:

• ℓ𝑡 = 𝑓ℓ(𝑋𝑡−1, 𝜖𝑡)

• 𝑏𝑡 = 𝑓𝑏(𝑋𝑡−1, 𝜖𝑡)

• 𝑠𝑡 = 𝑓𝑠(𝑋𝑡−1, 𝜖𝑡)

Observation Process:

• 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡
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Exponential Smoothing as State-Space (Expansion)
No Seasonal Additive Seasonal Multiplicative Seasonal

No Trend 𝑌𝑡 = ℓ𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑠𝑡−𝑚 + 𝜖𝑡

+ 𝒃 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝑠𝑡−𝑚 + 𝜖𝑡

+ 𝝓𝒃 𝑌𝑡 = ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝑠𝑡−𝑚 + 𝜖𝑡

× 𝒃 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝑠𝑡−𝑚 + 𝜖𝑡

× 𝒃𝝓 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝑠𝑡−𝑚 + 𝜖𝑡

𝜺𝒕 = 𝟏 + 𝝐𝒕 Multiplicative Error

No Trend 𝑌𝑡 = ℓ𝑡−1𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑠𝑡−𝑚𝜀𝑡

+ 𝒃 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝑠𝑡−𝑚𝜀𝑡

+ 𝝓𝒃 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝑠𝑡−𝑚𝜀𝑡

× 𝒃 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝑠𝑡−𝑚𝜀𝑡

× 𝒃𝝓 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝑠𝑡−𝑚𝜀𝑡

SES

HWHL
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Exponential Smoothing as State-Space (Recommended)
𝑌𝑡 = ℓ𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑠𝑡−𝑚 + 𝜖𝑡

𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝑠𝑡−𝑚 + 𝜖𝑡

𝑌𝑡 = ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝑠𝑡−𝑚 + 𝜖𝑡

𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1 + 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝑠𝑡−𝑚 + 𝜖𝑡

𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝑠𝑡−𝑚 + 𝜖𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝑠𝑡−𝑚 + 𝜖𝑡

𝑌𝑡 = ℓ𝑡−1𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑠𝑡−𝑚𝜀𝑡

𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝑏𝑡−1)𝑠𝑡−𝑚𝜀𝑡

𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1 + 𝜙𝑏𝑡−1)𝑠𝑡−𝑚𝜀𝑡

𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1𝑏𝑡−1 + 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1𝑠𝑡−𝑚𝜀𝑡

𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝜀𝑡 𝑌𝑡 = (ℓ𝑡−1𝑏𝑡−1
𝜙

+ 𝑠𝑡−𝑚)𝜀𝑡 𝑌𝑡 = ℓ𝑡−1𝑏𝑡−1
𝜙

𝑠𝑡−𝑚𝜀𝑡
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Exponential Smoothing as State-Space (ℎ-ahead Forecast)
ො𝑦𝑡+ℎ = ℓ𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + 𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡 + ℎ𝑏𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + ℎ𝑏𝑡 + 𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡 + 𝜙ℎ𝑏𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + 𝜙ℎ𝑏𝑡 + 𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + 𝑠𝑡−𝑚+ℎ𝑚 ො𝑦𝑡+ℎ = ℓ𝑡𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡 + ℎ𝑏𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + ℎ𝑏𝑡 + 𝑠𝑡−𝑚+ℎ𝑚 ො𝑦𝑡+ℎ = (ℓ𝑡 + ℎ𝑏𝑡)𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡 + 𝜙ℎ𝑏𝑡 ො𝑦𝑡+ℎ = ℓ𝑡 + 𝜙ℎ𝑏𝑡 + 𝑠𝑡−𝑚+ℎ𝑚 ො𝑦𝑡+ℎ = (ℓ𝑡 + 𝜙ℎ𝑏𝑡)𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡𝑏𝑡
ℎ ො𝑦𝑡+ℎ = ℓ𝑡𝑏𝑡

ℎ𝑠𝑡−𝑚+ℎ𝑚

ො𝑦𝑡+ℎ = ℓ𝑡𝑏𝑡
𝜙ℎ ො𝑦𝑡+ℎ = ℓ𝑡𝑏𝑡

𝜙ℎ𝑠𝑡−𝑚+ℎ𝑚

𝜙ℎ is a function of 𝜙 and ℎ. ℎ𝑚 is a function of ℎ and 𝑚.
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Exponential Smoothing as State-Space (ℎ-ahead Forecast)
ℓ𝑡: Constant ℓ𝑡 + 𝑠𝑡−𝑚+ℎ𝑚: Seasonal Pattern

ℓ𝑡 + ℎ𝑏𝑡: Linear Trend Linear Trend + Seasonal Pattern

ℓ𝑡 + 𝜙ℎ𝑏𝑡: Damped Trend Damped Trend + Seasonal Pattern

ℓ𝑡: Constant ℓ𝑡 + 𝑠𝑡−𝑚+ℎ𝑚: Seasonal Pattern ℓ𝑡𝑠𝑡−𝑚+ℎ𝑚: Seasonal Pattern

ℓ𝑡 + ℎ𝑏𝑡: Linear Trend Linear Trend + Seasonal Pattern Linear Trend × Seasonal Pattern

ℓ𝑡 + 𝜙ℎ𝑏𝑡: Damped Trend Damped Trend + Seasonal Pattern Damped Trend × Seasonal Pattern

ℓ𝑡𝑏𝑡
ℎ: Non-linear Trend Non-linear Trend × Seasonal Pattern

ℓ𝑡𝑏𝑡
𝜙ℎ : Non-linear Trend Non-linear Trend × Seasonal Pattern


