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Abstract: 
Classic methodologies of DOE are widely applied in design, manufacture, 
quality management and so on. However, it is not an end of DOE. One of its 
shortcomings is neglect of propagation of errors, which make the so-called 
“improved process” still produces an amount of defects continuously. Visual 
tolerance analysis is a right way to overcome the pity, effectively complement 
classic DOE and perfect the final feasible solution. 
This paper briefly introduces the background and study value of tolerance 
analysis in the first. Then visual tolerance analysis which features “Defect 
Profiler” and “Defect Parametric Profile”, the two new visualization techniques 
is highlighted in the following. With the help of visual tolerance analysis, 
engineering and statistical analysts could work together to find out what is the 
key factor leading to propagation of errors and how to reduce it significantly 
and cheaply. 
Additionally, to improve analysis efficiency of statistician and ease 
understanding of non-statistician, some related example with JMP software is 
illuminated to show the power of this booming engineering optimization 
approach in DOE family. 
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Main body: 
With the help of classic DOE, which typically includes fractional factorial design, 
full factorial design and response surface design, we can do a lot of work in the 
respect of industrial engineering, such as screening out the few key factors, 
describing main effect and interaction of the key factors, and predicting 
optimized setting of the key factors. The power of these methodologies has 
been proven by many success references in both traditional quality 
improvement and modern six sigma program. 
However, we can’t regard classic DOE as a panacea to solve all the 
engineering problems. If only relying on classic DOE, there will be some 
inevitable risks and hidden trouble when we go further to improve product 
quality and process capability. The most common problem that occurs could 
be illuminated by Figure 1. Before officially introducing new product from lab to 
workshop, most of us are so satisfied with the prediction that 100% of the 
outputs of process drop within the specification like the ideal status in left part 
of the figure, according to built statistical model. Unfortunately, when the mass 
production starts, we will find the variation is much bigger than expected. A 
considerable portion of the outputs of process drop out of the specification like 



the real status in right part of the figure. Such result will bring big economic 
loss to firms. Moreover, it will bring confidence loss to engineers to apply DOE 
in their daily work. 

 
Figure 1. Example of process capability 

 
Any analysts who deeply understand DOE knows that the principle cause 
leading to this problem is propagation of errors. As can be seen from Figure 2, 
all the output variables of process are produced by the input variables of 
process via transfer function which is retrieved by DOE or historical data 
modeling. During this transferring process, input variables impact the mean of 
quality features, which is known to all. What we might, but shouldn’t neglect is 
the variability of input variables, which impact the variability of quality features 
too. This is so called “propagation of errors”, which could be quantified by 
equation (1). 
 

                                                                               (1) 
 

Where   stands for variance of output variable Y,     stands for variance of  
 
input variable Xn,       stands for sensitivity coefficient of input variable Xn,  
 

stands for contribution of input variable Xn to the variance of 
output variable. 

 

Figure 2. General model of engineering process 
 
Tolerance analysis is a right approach to overcome disturbance of propagation 
of errors, and a new complement to DOE study. In general, aimed with 
statistical analytics, tolerance analysis defines reasonable tolerances (not only 
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target of one point) on input variables in the phase of design, to ensure that 
specific output variable is insensitive to variability of input variables, so that it 
can remain within customer requirement or engineering specification in the 
phase of production. When we focus on tolerance definition, most engineers 
will trend to shorten it as much as possible, which results to the rising of 
processing cost. In order to minimize improvement cost, tolerance analysis 
also stresses right variables selection and right tolerance reduction. Usually, 
tolerance analysis can’t be accomplished in an action. One of its key factors is 
to keep incessant communication and close cooperation between processing 
engineers and statistical engineers. 
In recent years, with the increasingly harsh industrial competition and 
gradually matured quality consciousness, study and applications of tolerance 
analysis become a hot topic. Visual tolerance analysis is one type of tolerance 
analysis which features a wide range of different visual forms, such as graph, 
profiler, animation, interaction and so on. Nowadays, thanks to the developed 
information technology and popular concept of “Total Quality Management”, 
the value of visual tolerance analysis which will benefit engineering 
optimization has been recognized by more and more firms. 
In the view of academia, there is no more complicated formula, metrics or 
algorithm augmented in visual tolerance analysis, which highlights new ways 
of visualization. Defect profiler and defect parametric profile are two typical 
techniques among them, which will be introduced in detail in the following. 
Firstly, refer to defect profiler shown in Figure 3. The X axis represents some 
processing factor, while Y axis represents defect rate of final process. The 
curves with different colors, e.g. red and blue, represent the factor’s influence 
to different specifications, e.g. Spec. A and Spec. B. But the black curve above 
has another meaning that it represents overall defect rate, which is sum of all 
the individual defect rates. What attracts us most is the bottom of black curve 
is the minimum of overall defect rate, because generally its corresponding 
value of processing factor is ideal setting value we seek during optimization. 

 
Figure 3. Example of defect profiler 
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Secondly, refer to defect parametric profile shown in Figure 4. Likewise, the X 
axis represents some processing factor, while Y axis represents defect rate of 
final process. What differ is these four curves with different colors represent 
effect of four different processing improvement methods, i.e. Mean Shift, which 
means the change in overall defect rate by changing the mean of processing 
factor, Std. Narrow, which means the change in defect rate by changing the 
standard deviation of processing factor, LSL Chop, which means reducing the 
variation by rejecting any ones with too-small values for processing factor and 
USL Chop, which means reducing the variation by rejecting any ones with 
too-big values for processing factor. In real work, the first two methods, Mean 
Shift and Std. Narrow, are more frequently used than the latter two. In addition, 
the red dotted line represents the value of current mean of processing factor, 
while the two blue dotted lines represent the value which equals current mean 
of processing factor plus or minus one current standard deviation respectively. 
Obviously, the minimum defect rate appears at the bottom of the curve of Std. 
Narrow, which hints that Std. Narrow will be the most powerful processing 
improvement method during engineering optimization. Unfortunately, its cost is 
also much higher than the others. So we need to consider both pros and cons 
of these methods. 

 
Figure 4. Example of defect parametric profile 

 
The following case study will demonstrate the application of visual tolerance 
analysis in engineering optimization. Related computing and plotting are 
completed by statistical discovery software JMP. 
 
Background: 
The quality improvement team at Blue & White Tires Inc is going to optimize 
the formulation for their main product type of car tire. There are four output 
responses that have to be in specification in Table 1: 

Response LSL USL 

Abrasion 110  

Elasticity  2000 

 

Defect Rate 

Mean Shift 

Std. Narrow 

LSL Chop 

USL Chop 

Processing Factor 



Elongation 350 550 

Hardness 65  

Table 1. Response specifications 
 
From their earlier work, they have already established three potential input 
variables and their tolerances in Table 2: 
(LTL: Lower Tolerance Limit, UTL: Upper Tolerance Limit,) 

Factor LTL UTL 

Silica 0.95 1.55 

Silane 44 56 

Sulfur 1.8 2.7 

Table 2. Factor tolerances 
 
Following the principle of response surface design, they carried out 20 
experiments in Table 3.  

Run Silica Silane Sulfur Abrasion Elasticity Elongation Hardness 

1 0.70 40.00 2.80 102 900 470 67.5 

2 1.70 40.00 1.80 120 860 410 65.0 

3 0.70 60.00 1.80 117 800 570 77.5 

4 1.70 60.00 2.80 198 2294 240 74.5 

5 0.70 40.00 1.80 103 490 640 62.5 

6 1.70 40.00 2.80 132 1289 270 67.0 

7 0.70 60.00 2.80 132 1270 410 78.0 

8 1.70 60.00 1.80 139 1090 380 70.0 

9 0.38 50.00 2.30 102 770 590 76.0 

10 2.02 50.00 2.30 154 1690 260 70.0 

11 1.20 33.67 2.30 96 700 520 63.0 

12 1.20 66.33 2.30 163 1540 380 75.0 

13 1.20 50.00 1.48 116 2184 520 65.0 

14 1.20 50.00 3.12 153 1784 290 71.0 

15 1.20 50.00 2.30 133 1300 380 70.0 

16 1.20 50.00 2.30 133 1300 380 68.5 

17 1.20 50.00 2.30 140 1145 430 68.0 

18 1.20 50.00 2.30 142 1090 430 68.0 

19 1.20 50.00 2.30 145 1260 390 69.0 

20 1.20 50.00 2.30 142 1344 390 70.0 

Table 3. Experiment schedule & result 
 
Try to apply visual tolerance analysis to optimize tolerance setting of the three 
tire ingredients. 
 



After calculation and diagnosis of regression model (the analysis report has 
been omitted here), assume these three ingredients follow normal distribution, 
the mean equals the average of LTL and UTL, and the standard deviation 
equals the sixth of tolerance. Then simulator in JMP produces estimated result 
shown in Figure 5. One of the key message is the overall defect rate of the 
production process is as high as 4.92% before improvement. 

Figure 5. Simulated prediction profiler before improvement 
 
Now we need to answer how to reset the tolerances of these ingredients. Both 
the simulated defect profiler shown in Figure 6 and the simulated defect 
parametric profile shown in Figure 7 give us evidence that overall defect rate 
will drop fastest if reducing the mean of Silica, and the minimum of overall 
defect rate will reach the lowest when the mean of Silica is on the position of 1 
approximately. 



Figure 6. Simulated defect profiler before improvement 
 

Figure 7. Simulated defect parametric profile before improvement 
 
Therefore, we find the direction of improvements. Rerun the model simulation 
after reducing the mean of Silica to 1, estimated result is refreshed and shown 
in Figure 8. As can been seen from the updated figure, when tolerance of Silica 
has been changed to [0.7, 1.3], tolerances of Silane and Sulfur are kept 
unchanged, overall defect rate falls down to 0.191% by 4 percentage, which is 
really a significant improvement. 

Figure 8. Simulated prediction profiler after improvement 
 
Of course, this is not the best status which the production process can achieve. 
From the observation of the refreshed defect profiler and defect parametric 
profile which are shown in Figure 9 and Figure 10 respectively, it is easy to 



discover that analysis tolerance can go ahead continuously. But at this time, 
the method of Mean Shift is nearly no use, while another method of Std Narrow, 
especially narrowing standard deviation of Silica and Sulfur, will lower overall 
defect rate remarkably. This case study also indicates that there is no end in 
tolerance analysis, even the quality objective of “six sigma” has been hit. And 
visual tolerance analysis is always playing an important role during the endless 
tolerance analysis. 

Figure 9. Simulated defect profiler after improvement 
 

Figure 10. Simulated defect parametric profile after improvement 
 
As a whole, classic DOE is the investigation of how the centrality of process 
performance can be impacted by controlling the target of each input variable. 
Tolerance analysis is the investigation of how the dispersion of process 
performance can be impacted by controlling both target and variability of each 
input variable. Essentially, these two methodologies are not contradictory, but 
complementary each other. In most cases, tolerance analysis is implemented 
in the phase of optimization during a classic DOE project. With regard to visual 
tolerance analysis, it builds a communication bridge between two distinct 
domains, statistics and engineering by visualization, which is used to ease 
understanding of complicated statistical analysis for processing engineers 
without statistical background, used to speed up analytical pace for statistical 
engineers with professional statistics, used to guide researchers and 



technicians to attain high quality with low cost now matter in pilot or mass 
production.  
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