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Abstract
How to model and forecast the time series when it is interrupted due to interventions
(e.g., process changes)? If you have leading indicators or other exogenous variables
how can you incorporate them into your ARIMA models to make better forecast?
In this paper I will try to demystify the transfer function models in JMP with key use
cases: Regression with ARIMA Errors, Distributed Lag Models and Intervention
Models. I will demonstrate the benefits of using the transfer functions over OLS
regression and ARIMA for building better forecasting models.

1.Introduction
In this paper I discuss statistical models for forecasting with time series data. My primary focus
is on using the transfer functions to build better models for forecasting. In their popular 2018
book, Forecasting: Principles and Practices1, Rob J. Hyndman and George Athanasopoulos
discuss several modeling approaches: OLS (Ordinary Least Squares) regression models, ARIMA
(Auto-Regressive Integrated Moving Average) models and dynamic models (i.e., transfer
function models). Their book is free on line, so I will adopt one of their examples to build the
different types of models to demonstrate why the transfer function model makes better forecast.
In Section 3, following an introduction to the general Transfer Function Model I’ll discuss the
key use cases with examples: Regression with ARIMA Errors, Distributed Lag Models, and
Intervention Models. A summary is provided in Section 4.

2. Why Transfer Function Models Are Better: An Example
In this section I build and compare three different types of forecasting models. The data are
quarterly growth rates (i.e., quarter-over-quarter percentage changes) of personal consumption
1
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expenditure and personal disposable income, both in real dollars, for the US from 1970Q1 to
2015Q4 (Figure 1). The objective is predicting the Personal Consumption Growth for the future
quarters. Personal Disposal Income is considered a prediction variable.
Figure 1: Quarterly Growth Rates of Personal Consumption and Personal Disposable Income in the US:
1970Q1 to 2015Q4

2.1 OLS Regression
When it comes to statistical modeling the OLS regression is perhaps the most popular method.
For this data I fit the following regression model by OLS (Figure 2):
𝒚̂𝒕 = 𝟎. 𝟓𝟓 + 𝟎. 𝟐𝟖 ∗ 𝒙𝒕

Eq. 1

𝒙𝒕 and 𝒚𝒕 are the Personal Income Growth Rate and Personal Consumption Growth Rate at time t. Since
the Income Growth is available for 2016Q1 I will use it to predict the Consumption Growth and compare
the forecast to the actual consumption growth rate. See more on this in Section 2.4.
Figure 2: OLS Regression Fit Details

A key assumption under OLS regression is the independence of regression errors. Clearly, it is
violated as suggested by the Durbin-Watson test (0,153, p-value =0.018) in Figure 3. That is,
OLS residuals are not independent (see Residuals by Predictions Plot in Figure 3). The
2
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presence of autocorrelations in time series data is not surprising because the value of a variable
in the current time period is likely correlated with its past values. However, autocorrelated errors
cause the OLS standard errors and test statistics to be invalid, thus rendering the prediction
misleading.
Figure 3: Residuals Plot and Durbin-Watson Test

2.2 ARIMA Models
To explicitly consider the temporal correlations in a time series we can specify the output series
𝒚𝒕 as a linear function of its past values:
𝒚𝒕 = 𝝁+𝝋𝟏 𝒚𝒕−𝟏+𝝋𝟏 𝒚𝒕−𝟏 + 𝝋𝟐 𝒚𝒕−𝟐 + ⋯ + 𝝋𝒑 𝒚𝒕−𝒑 + 𝒆𝒕

Eq. 2

This is known as an auto-regressive (AR) model of order p. A more general form of this class of
timeseries models is developed by Box and Jenkins, referred to as ARIMA (Auto-Regressive
Integrated Moving Average) models2. They have outlined the steps to build an ARIMA model:
data transformation, identification, estimation, diagnostic checking and forecasting. Note that a
pure AR (or ARIMA) model does not include any input series as predictors.
ARIMA models are available in the Time Series Platform under JMP’s Analyze => Specialized
Modeling menu. In our example, Personal Consumption is already expressed in quarterly
percent change, so no additional differencing is needed. This is confirmed by the Trend ADF
(Augmented Dickey-Fuller) test in Figure 4. Also notice that no seasonality is present in the data
(Figure 4).
Figure 4: Time Series Plot and ADF Tests

2

George Box, Gwilym Jenkins, Gregory Reinsel and Greta Ljung (2016). Time Series: Forecasting and Control.
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Following the Box-Jenkins ARIMA methodology I check the ACF (auto-correlation function)
and PACF (partial auto-correlation function) plots (Figure 5) and then run a set of non-seasonal
ARIMA models: AR order ranges from 0 to 3, MA order ranges from 0 to 3 and I=0 (i.e., no
differencing), as shown in Figure 6:
Figure 5: Time Series Basic Diagnostics Plots

Figure 6: Specify ARIMA Model Orders

A total number of 16 models are fit. The Model Comparison ranks AR(3), i.e., ARIMA (3,0,0),
as the best model as it has the smallest AIC value (Figure 7). The fit details for the selected
model are shown in Figure 8.
Figure 7: Goodness-of-Fit Statistics for Each Model

4
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Figure 8: Fit Details for the Best ARIMA Model

The ARIMA (3,0,0) is:
̂
𝒚
𝒕+𝟏 = 𝟎. 𝟑𝟎 + 𝟎. 𝟐𝟑𝒚𝒕 + 𝟎. 𝟏𝟔𝒚𝒕−𝟏 + 𝟎. 𝟐𝟎𝒚𝒕−𝟐

Eq. 3

where 𝒚𝒕 , 𝒚𝒕−𝟐 and 𝒚𝒕−𝟑 are the consumption growth rates at current and two previous quarters.
This means that next quarter’s consumption growth rate depends on past two quarters’ growth.
In Figure 9, the red line shows how the above model fits the historical personal consumption
growth pattern from 1970Q1 to 2015Q4, and solid blue line and dotted blue lines show the point
forecasts and their 95% confidence limits, respectively. (Numerical forecast values can be saved
to a new table.)
Figure 9: Forecasting Graph

2.3 Regression with ARIMA Errors using Transfer Functions
The above ARIMA model does not explicitly include any input series such as income growth
that may help predict consumption growth. On the other hand, as we have seen in Figure 3, the
OLS regression violates a key assumption of statistical independence of the errors. We now turn
to the Transfer Function Models that allow predictors and correct for autocorrelations.

5
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A critical step in building a transfer function model is identification of the ARIMA structure for
the autocorrelated errors. As with building the pure ARIMA models, the ACF and PACF on the
saved OLS residuals from Eq. 1 are used to select possible orders of ARIMA (Figure 10). Then a
group of ARIMA models are fit for the selection of the best structure.
Model Comparison report below suggests that an ARMA (1,2) (i.e., ARIMA (1,0,2)) is the best
model (Figure 10).
Figure 10: Select the ARIMA for the regression errors

Now I use the Transfer Function option in the Time Series Platform to fit a regression model
with Personal Income as an input series and an ARIMA (1,0,2) for noise series (Figure 11). The
results are shown in Figure 12.
Figure 11: Specify a Regression with Non-seasonal ARIMA (1,0,2) Errors

6
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Figure 12: Regression with ARIMA (1,2) Errors

After checking ACF and PACF of the residuals I find no autocorrelation left and therefore will
use the model to forecast. JMP will prompt you to provide the values for income growth rate to
compute the consumption growth rates in the future.
Note that the above transfer function model may be alternatively written as the regression model
with the noise term 𝜂𝑡 :
𝒚𝒕 = 𝟎. 𝟓𝟗𝟔𝟖 + 𝟎. 𝟐𝟎𝟐𝟐𝒙𝒕 + 𝜼𝒕

Eq. 4

Where 𝜂𝑡 following an ARMA (1,2) process: 0.6939𝜂𝑡−1 + 𝑒𝑡 − 0.5766𝑒𝑡−1 + 0.1984𝑒𝑡−2 . (𝜂𝑡−1 is the
ARMA error at t-1, 𝑒𝑡 , 𝑒𝑡−1 and 𝑒𝑡−2 are the random errors). And 𝑦𝑡 and 𝑥𝑡 are, respectively, the

consumption growth rate and income growth rate.
Compared to the OLS model (Eq 1.), Eq 4. contains an ARMA error term to correct for the
autocorrelations.
2.4 Does the Regression with ARIMA Errors forecast better than the OLS or ARIMA
models?
2
𝑅𝑎𝑑𝑗.
for the three models, OLS, ARIMA (3,0,0) and the regression with ARIMA errors that we
fit are 0.154, 0.187 and 0.251, respectively. I also generated the ‘one-step-ahead” forecast using
the actual personal income growth rate in 2016Q1 for the models: 0.691, 0.682, and 0.636.
Compared to the actual consumption growth rate of 0.405, the regression with ARIMA errors
model yields a smaller forecasting error. The confidence intervals are also narrower than those
from the pure ARIMA model because we can explain some of the variation in consumption
growth using the income predictor.

In summary, OLS regression models are static in the sense that the consumption growth is taken
to be a linear function of income growth observed at the same point in time. On the other hand,
pure ARIMA models the temporal dependence of the output time series but does not include the
input series as predictors. Our better forecast comes from the model built with the transfer
functions that combines both the time series dynamics and prediction variables.
7
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3. Transfer Function Models and Use Cases
Regression with ARIMA Errors that we fit above falls within the so-called Transfer Function
Models. There are other types of time series models that can be fit with the transfer functions.
Following an introduction to the general transfer function models in JMP, I’ll discuss key use
cases with examples.
3.1 Statistical Details3
The general form of the Transfer Function Model with a single input time series 𝑥𝑡 (or a
difference of 𝑥𝑡 ) at t. is:
(𝟏 − 𝑩)𝒅 𝒚𝒕 = 𝝁 +
The ratio of two polynomials,

𝜔(𝐵)
𝛿(𝐵)

𝝎(𝑩)

𝜽(𝑩)

𝒙 + 𝝋(𝑩) 𝒆𝒕
𝜹(𝑩) 𝒕−𝒍

Eq. 5

, is the transfer function that specifies how the input series

dynamically affects the output series,𝑦𝑡 . If there is a time delay (e.g., 2 periods delay) before any
changes in 𝑥𝑡 is felt in 𝑦𝑡 , then use the input lag, 𝑙, to specify the delay (i.e., 𝑙=2). The error term,
𝜃(𝐵)
𝑒 , follows an ARIMA process representing the error dynamics of the model.
𝜑(𝐵) 𝑡
Additionally,
𝝁 -- Output series mean
𝑩 -- Backshift (i.e., lag) operator, e.g., 𝐵𝑦𝑡 = 𝑦𝑡−1
𝒅 -- Degree of differencing. E.g., (1 − 𝐵)2 𝑦𝑡 = ((𝑦𝑡 − 𝑦𝑡−1 ) − (𝑦𝑡−1 − 𝑦𝑡−2 ))
𝝎(𝑩) -- Numerator polynomials for input series. For example, a polynomial of order 3 is
𝜔0 − 𝜔1 𝐵 − 𝜔2 𝐵2 − 𝜔3 𝐵3 . Together with the step lag this specifies when and how long the
input impact will last.
𝜹(𝑩) -- Denominator polynomials for input series. For example, a polynomial of order 1,
1 − 𝛿𝐵, introduces exponentially weighted, infinite distributed lags into the transfer
𝟏

function as 1−𝛿𝐵 = 1 + 𝛿𝐵 + (𝛿𝐵)2 + (𝛿𝐵)3 + (𝛿𝐵)4 + ⋯ . .

𝝋(𝑩) and 𝜽(𝑩) -- Auto-regressive part and moving average part of the model error term4.
𝒆𝒕 -- White noise (i.e., random error).

The key difference between the pure ARIMA model and Transfer Function Model is the latter
explicitly models the systematic dynamics of the input time series.

3

For the ease of exposition, I only show the transfer function model with a single input series, but it can be
generalized to multiple input series.
4
For details on the AR and MA notations see JMP® 14 Predictive and Specialized Modeling (Pages 343-345). Or visit
online at https://www.jmp.com/support/help/14-2/statistical-details-for-the-time-series-platform.shtml#134469.
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Use Case 1: Regression with ARIMA Errors
This is the multiple regression with errors corrected for autocorrelations, as we discussed in
Section 2.3.
For multiple input series, 𝑥𝑡1 , 𝑥𝑡2 … , 𝑥𝑡𝑘 , the regression with ARIMA errors is:
𝒚𝒕 = 𝝁 + 𝝎𝟏 𝒙𝒕𝟏 + 𝝎𝟐 𝒙𝒕𝟐 + ⋯ + 𝝎𝒌 𝒙𝒕𝒌 + 𝜼𝒕

𝜽(𝑩)

where the error 𝜼𝒕 = 𝝋(𝑩) 𝒆𝒕

Eq. 6

Eq 6. is also known as Autoregressive Error Models.
Use Case 2: Distributed Lag Models
In the previous example we modeled the contemporaneous effects of income on consumption but
did not consider any delayed income effects. The models that allow the impact of an input series
to be distributed over past lags are the Distributed Lag Models.
One form of the Distributed Lag Model with a single input series is:
𝜽(𝑩)

(𝟏 − 𝑩)𝒅 𝒚𝒕 = 𝝁 + 𝝎(𝑩)𝒙𝒕−𝒍 + 𝜼𝒕 where 𝜼𝒕 = 𝝋(𝑩) 𝒆𝒕

Eq. 7

The polynomials for the numerator in the transfer function, 𝜔(𝐵), represent the dynamic effects
of the input over different timer periods. For example, a polynomial of order 3, 𝜔(𝐵) = 𝜔0 𝑥𝑡 −
𝜔1 𝑥𝑡−1 − 𝜔2 𝑥𝑡−2 − 𝜔3 𝑥𝑡−3 , specifies the dynamic impact of 𝑥𝑡 up to three lags.
If the effects of 𝑥𝑡 is exponentially decreasing a first-order of polynomials for the denominator,
𝛿(𝐵) = 1 − 𝛿1 𝐵, may be used:
𝝎

(𝟏 − 𝑩)𝒅 𝒚𝒕 = 𝝁 + 𝟏−𝜹𝟎 𝑩 𝒙𝒕−𝒍 + 𝜼𝒕
𝟏

Eq. 8

An example of this form of the distributed lag model is illustrated below.
Example 2: Forecasting Sales using Lagged Predictors
The data used in this example, called Series M, comes from the classical book by George Box et
al. (2016). We are interested in making forecasts for sales with a predictor, x (Figure 13). For
model validation we will use the first 125 observations out of the 150 in the data set to build the
models and the last 25 observations as the test set.

9

V1

Building Better Forecasting Models with Transfer Functions
Jian Cao

Figure 13: Monthly Sales and Input Series, X

A critical step in building a transfer function model is to identify when the input effect takes
place, how long it lasts and in what shape it decays. This is done through Prewhitening. The
results are the Prewhiten Corr, or the cross-correlations (Figure 14): it starts at lag 3 and then
𝜔0
fades away gradually. This implies a transfer function of the form 1−𝛿𝐵
for the shape of the
dynamics. Specifically, the Prewhitening Plot in Figure 13 says that starting at lag 3, an input’s
impact declines exponentially according to this: 𝜔0 (1 − 𝐵)𝑥𝑡−3 + 𝜔0 𝛿(1 − 𝐵)𝑥𝑡−4 +
𝜔0 𝛿 2 (1 − 𝐵)𝑥𝑡−5 + 𝜔0 𝛿 3 (1 − 𝐵)𝑥𝑡−6 + 𝜔0 𝛿 4 (1 − 𝐵)𝑥𝑡−7 + ⋯ .
Figure 14: Cross-correlations between the output and input

10
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A preliminary distributed lag model (i.e., without an error structure) is then fit and residuals from
the model are examined, which suggest that an MA(1) structure should be added to correct for
the autocorrelated errors. Figure 14 shows the specification for our final model:
Figure 14: Specify a Distributed Lag Model

Figure 15 shows the estimation details and the final distributed lag model. (JMP reports from
other steps not shown here are provided in the companion JMP Journal.)
Figure 15: Distributed Lag Model with MA(1) Error

We now use the test data to forecast the sales with the actual values of x and compare the
forecasts to the actual sales. For model comparison I’ve also selected a best ARIMA model,
ARIMA (1,1,1), and generated the forecasts from this model.
Figure 16 shows the forecasts from these two time series models compared to the actual sales.
Clearly, the Distributed Lag Model makes better forecasts than the ARIMA. This is not
surprising, as we saw in the previous example, because the Distributed Lag Model captures both
the systematic dynamics of the input variable and autocorrelations.
11
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Figure 16: Model Comparison: Forecasts vs Actuals

Use Case 3: Intervention Models
Suppose an output time series (e.g., defects) is interrupted by inventions (e.g., changes in
manufacturing processes). We can employ the Transfer Function Model to analyze and model
such external shocks.
In fact, the intervention model is no different from the above distributed lag model (Eq. 7) except
that 𝑥𝑡 is an indicator series of 0s and 1s. Assume the change occurs at T, then
𝒙𝒕 = {

𝟎
𝟏

𝒕<𝑻
𝒕≥𝑻

Example 3: Defects and Process Changes5
Figure 16 shows the hourly monitoring data on defect rates of a manufacturing process. To
improve the yield a new process is implemented at the beginning of Week2.

5

The JMP reports are provided in the companion Journal.
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Figure 16: Defect Rates: Before and After the Process Changes

The plot above shows there is an overall downward trend and a level shift in defect rate because
of the process change. To model both the linear trend and interventions, I fit the transfer function
model with two predictors: a linear trend, t, and an indicator variable, Process Change at Week
2, by OLS. After I check the residuals I re-fit the model with an ARMA error correction (Figure
17).
Figure 17: Specify an Intervention Model with MA1,1xMA2,12 Errors

Notice that the error structure (i.e., noise series) contains two components: one for the short-term
moving average errors (MA1,1), and the seocnd (MA2,12) for the 12-hour seasonalty apprently
due to the fact the factory opearates on a 12-hour shift schedule The model and fit details are
shown in Figure 18.
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Figure 18: Intervention Models with MA1,1xMA2,12 Errors

The estimation results show that the defect rate decreases by 0.01 every hour and that the new
manaufactoring process brings down the defect rate by 0.78.

4. Summary
I have shown the versatile transfer function models through examples to demonstrate the benefits
of using the transfer functions for building better forecasting models. Compared to the OLS
regression and ARIMA models, the transfer function models produce better forecast.
As with any analysis using observational data the time series modeling is no exception that
model effects may not be interpreted as causal or the cross-correlations might even be spurious.
Use a test data to validate a model’s out-of-sample predictions, or at a minimum, calculate a onestep-ahead forecast error for evaluations. Updating the model with new data improves the shortterm forecasting accuracy. Lastly, conducting a designed experiment, if possible, is always the
best approach to generate the data for analyzing the input-output relationship.
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