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MULTIVARIATE BASIC STRUCTURE OF A MATRIX
FLAVORS OF JMP

Decomposition of matrix into its characteristic components

Singular value decomposition (SVD)

Represent data as product of 3 matrices

X = USvT




MULTIVARIATE BASIC STRUCTURE OF A MATRIX
FLAVORS OF JMP

Woody?

Fruity?

Spicy?




MULTIVARIATE SINGULAR VALUE DECOMPOSITION
FLAVORS OF JMP

If no redundancies in data, U, S,

X — USV and V have as many columns as
UTU —viv=1 the minimum number of
rows/columns of X
Woody = Fruity = Spicy Dim1 Dim2 Dim3

0.8 6.9 0.6 0.1989212 0.3202258 -0.126323

0.1 9.2 0.2 0.2208073 0453361 -0.226535

0.2 6.5 05 01705592 0.3085778 -0.172721

5 7.3 03 0.3112392 03111744 03299106

0.2 8.3 0.2 0.2027492 04074437 -0.194208 Dim1 Dim2 Dim3 Woody Fruity Spicy
5.7 3.7 07 = 02594041 01130174 04615508 21305092 0 0 05700669 04908194 0.6588779
3.8 0.7 5 0.2724333 -0.146537 0.0175289 0 17.023785 0 | -0153595 0.8514739 -0.501399
5.6 0.5 0.2 0.1675449 -0.031407 0.5650599 0 0 76370028 | 0.8071136 -0.184631 -0.560784
43 03 23 0.1930972 -0.091533 0.2783023

13 3.1 0.6 0.1247567 01256511 0.018387 S VT

5.3 0 9.8 0444887 -0.336456 -0.159485

54 0 8.8 04166369 -0.307906 -0.075486

33 0.8 9.1 0.3881544 -0.257781 -0.338794

X U
Data Left Singular Vectors Singular Values Right Singular Vectors
Dimensions of row Importance of Dimensions of column
variables dimensions (ordered) variables

jmp OSas | K.




MULTIVARIATE SINGULAR VALUE DECOMPOSITION
FLAVORS OF JMP

X = USvT

“The basic structure
of a matrix is like the
layers of an onion; the
components can be
peeled off, one by

one, and reassembled

partially, or in whole”
Weller & Romney (1990)

Jmp



MULTIVARIATE

FLAVORS OF JMP
Woody Fruity Spicy

0.8 6.9 0.6
0.1 9.2 0.2
0.2 6.5 0.5

5 7.3 0.3
0.2 83 0.2
5.7 3.7 0.7
3.8 0.7 5
5.6 0.5 0.2
43 0.3 23
13 31 0.6
5.3 0 9.8
54 0 8.8
33 0.8 9.1

X

DIMENSION REDUCTION

Dim2

0.3202258

0.453361
0.3085778
0.3111744
0.4074437
0.1130174
-0.146537
-0.031407
-0.091533
0.1256511
-0.336456
-0.307906
-0.257781

U

Dim3
-0.126323
-0.226535
-0.172721
0.3299106
-0.194208 Diml Dim2 Dim3 Woody  Fruity Spicy
04615508  [21.305092 0 0 05700669 04908194 0.6588779
0.0175289 0 17.023785 0  -0.153595 08514739 -0.501399
0.5650599 0 0 7.6370028 | 0.8071136 -0.184631 -0.560784
0.2783023
0.018387 S vt
-0.159485
-0.075486 . .
-0338794 Woody | Fruity | Spicy

242 2.08 279

2.68 231 31

2.07 1.78 2,39

378 3.23 4,37

246 212 2,83
One-dimensional 315 271 364
estimate of X 31 285 382

2.03 175 2,33

2,33 2.02 271

1.52 1.3 1.73

2.4 4,63 B.23

3.06 4,36 3,83

471 4,06 3,43




MULTIVARIATE

FLAVORS OF JMP
Woody Fruity Spicy

0.8 6.9 0.6
0.1 9.2 0.2
0.2 6.5 0.5

5 7.3 0.3
0.2 8.3 0.2
5.7 3.4, 0.7
3.8 0.7 5
5.6 0.5 0.2
43 0.3 2.3
13 31 0.6
53 0 9.8
54 0 8.8
33 0.8 9.1

X

DIMENSION REDUCTION

Diml
0.1989212
0.2208073
0.1705592
0.3112392
0.2027492
0.2594041
0.2724333
0.1675449
0.1930972
0.1247567

0.444887
04166369
0.3881544

Dim2

Dim3
-0.126323
-0.226535
-0.172721
0.3299106
-0.194208
0.4615508
0.0175289
0.5650599
0.2783023

0.018387
-0.159485
-0.075486
-0.338794

estimate of X

Diml Dim2 Dim3 Woody Fruity Spicy
21.305092 0 0 0.5700669 0.4908194 0.6588779
0 17.023785 0 -0.153595 0.8514739 -0.501399
0 0 7.6370028  0.8071136 -0.184631 -0.560784
S v
Woody | Fruity Spicy
1.58 6.72 0.06
15 g.88 -077
1.26 6.26 -0.24
2.97 777 171
14 803 -0.63
Two-dimensional 286 435 268
3.69 072 .08
212 13 2.62
2.08 .69 349
119 3.13 0.68
0,28  -0.22 912
3.87 | -011 B.48
3.39 .32 7.65




MULTIVARIATE SINGULAR VALUE DECOMPOSITION
FLAVORS OF JMP

Singular vectors (U, V) are orthogonal to each other and have unit length
(orthonormal).

Singular values, S, can be used to stretch out the vectors in U and V so
they’re no longer normalized but reflect the importance of each dimension.




MULTIVARIATE SINGULAR VALUE DECOMPOSITION
FLAVORS OF JMP

Redundancies in the original data are also reflected in the basic
structure matrices.

The maximum number of meaningful dimensions in X is the
rank of X

Nonzero elementsin S
If X is symmetric, the singular vectors U and V will be identical.

Because pre- or post-multiplying a matrix by its transpose
makes it symmetric, the basic structure matrices of X, XX,
and XXT, reveal the same basic structure.

Eigenvalue decomposition can also reveal the basic structure
of X

XTX = vsuTusvT = vs2yT
xXXT = ysvTvsuT = yszyT




MULTIVARIATE WHY THE LONG INTRO?
FLAVORS OF JMP

All multivariate techniques in this session are based on:
- Decompositions of transformed matrices:
- Center, normalize, proportion, double-center, etc.*
- Dimension reduction
- The techniques only differ in:
- Pre-decomposition transformations of X

- Post-decomposition transformations of U and V

* Note: transformations are sometimes implied (e.g., correlation matrices)

jmp GSas | B,
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MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Used with continuous data

Goals of Analysis:
|dentify underlying structure of data
Study inter-association of variables
Reduce dimensionality of data

Simplify ensuing analyses

Study inter-individual variability
Extract dimensions that distinguish individuals
|dentify multivariate outliers

Measure latent variables (but Factor Analysis can be better for this)




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Most often known as the result of eigenvalue decomposition on a

correlation (or covariance) matrix

Key output:
Eigenvalues (aka squared singular values)
Eigenvectors
Loadings

Percent of variance explained by each dimension

Principal component scores




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Unit length
% eigenvectors indicating
main directions in data

Magnitude of each
dimension from most
to least important

3-D Cloud for
illustration

Rescaled
eigenvectors




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Eigenvalue decomposition of the covariance matrix of X:

SXX
BUT...

XC =X — 1iiT Weights based on

rows: N-1

Center X
Sum of squares of centered X
Divide all entries by N-1




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Alternatively, SVD of:
Weights: row (N-1)

/

1
D, *(X - 18")

/N

Raw data Column means to
center X
Center X
. 1
Multiply each row by =

Multiply each column by the inverse of its corresponding standard deviation




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

Eigenvalue decomposition of the correlation matrix of X:

RXX
BUT...
XC =X — 1/|iT Weights based on
rows: N-1
1 1 1 1

— __T — —
R,,=D_.%(X{D.? D_*X.) D_2

1 1
1 ) T o \ Weights based on
RXX - Dc (XC XC) Dc

N—1 columns: ¢?
Center X

Sum of squares of centered X

Multiply each row and column by the inverse of the corresponding standard deviation
Divide all entries by N-1

Jmp

GSas | B,



MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS

FLAVORS OF JMP
SVD of: Weights: row (N-1) and
column (o?)
1 1
2 ( _ AT) 2
D “(X—1p")D,
Raw data Column means to
center X
Center X
Multiply each row by \/%

Multiply each column by the inverse of its corresponding standard deviation




MULTIVARIATE
FLAVORS OF JMP

SVD of:

Eigenvalues: S?
Eigenvectors: V

Loadings: VS
Scores: UsS

PRINCIPAL COMPONENTS ANALYSIS

1

1

D 2(X-1aT)D_2 = USVT

| -

- Label
1 | 'Woody
2 | Fruity
3 | Spicy

1 2

0.8 01 1
B0 92 |
06 02 1

Woody
0.8
0.1
0.2

5
0.2
5.7
3.8
5.6
4.3
13
5.3
54
3.3

Fruity = Spicy
69 0.6
92 0.2
65 0.5
73 0.3
83 0.2
37 0.7
07 5
05 02y |9 |10 11 12 13
0.3 235 43 13 532 54 332
51 0bs 03 31 0 0 08
0 98 7 23 06 98 8& 9l
0 8.8
08 9.1




MULTIVARIATE
FLAVORS OF JMP

MOTIVATING EXAMPLE

Copyright © 2

3, SAS Institute Inc. All rights reserved.

Rated 8 Scents:

1) Sweet Orange, Lavender

2) Peppermint, Lemon, Lavender
3) Tea Tree

4) Eucalyptus, Rosemary

5) Tea Tree, Eucalyptus, Lemon
6) Peppermint, Sweet Orange

7) Rosemary, Frankincense

8) ALL




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

i H
=] All_Smell_Study - JMP Pro [2] (e o
File Edit Tables Rows Cols DOE Analyze Graph Tools Add-Ins  View Window Help

HEEH R  DEEE .

— s
= All_Smell... [} 4 70/0Coks[~]
b Source [ 1D Age Sex | UsePerf | UseQils | SR_Smell | P15weet | P1Woody | PlFresh | P1Citrus | P1Spicy | P1Herbal | P1Like P1Comment

1|ID12 30-41 | Male 4 4 3 3] 5 4 7 3 2 3 .
[*| Columns (75... 2(ID13 30-41 | Female 1 1 4 6 2 =] 7 2 3 3
ik Scurce -« 3 |1014 30-41 | Female 5 1 3 4 1 3 7 1 1 3 | Smells like cranges
th Time & 4 11D20 30-41 |Female 5 4 4 ] 1 7 ] 1 ] 5 | Treally like this scent —
th D 511024 18-29 | Male 1 1 2 ] 2 5 T 1 4 5 | Smells like lyscl or wood
::E: 6|ID01  |42-53 |Female 5 3 4 7 1 5 7 1 1 4 =
ik Con... Sex]é 7|1D02 53-64 | Female 5 1 5 4 2 ] ] 2 3 4 | Citrusy kit not too flowe)
th Region & 8|ID22 | 42-53 Female 3 1 3 3 1 7 7 1 2 4 Refreshing
th Mame & a9 |1D08 30-41 |Female 5 1 3 K 1 5 T 1 1 2
ol UsePerf 10|ID15  |53-64 | Male 1 1 3 4 1 3 4 5 5 3
:g;eg'rlzn 11|ID11 65+  Male 1 1 2 1 2 5 5 1 2 4 Citrus more than others
PR 12 [1D25 30-41 |Female 5 5 5 5 1 ] 7 5 5 4
=|Rows 13 (ID06& 30-41  Male 3 1 1 4 2 5 5 2 2 2 |Tcan barely smell this or
All rowe 37 141010 |53-64 | Male 2 1 3 5 3 7 2 2 6 3
Selected 0 15 (IDO9 42-53 | Female 4 1 3 K 2 7 5] 1 3 5
Excluded 0 16|ID16  42-53  Male 1 1 1 3 2 4 5 1 2 2
Hidden 1]
Labelled O 17[ID17  |30-41 |Male 5 1 4 2 1 4 5 1 1 4 -

“ m b
2 Ov

Data




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS

FLAVORS OF JMP
ascree Plot - Determine ideal number of dimensions
| 4 (most popular):
. Scree plot: Number of eigenvalues
before the elbow
\\_ - Number of eigenvalues larger than 1
TS~

4 Eigenvalues - Dimensions that sum up to ~80% of
Number Eigenvalue Percent 20 40 60 80 Cum Percent .
1 30161 50.268 N 50.268 variance
2 13619 22808 | i 72,966
3 06764 11.2730] ¢ N 84.239 . ; ; i
s osz9 s N All dimensions with coherent
5 0.2186  2.644 P 06,849 i i
Aol o substantive meaning




MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

4 = Principal Components: on Correlations

ASummary Plots Sweet loads on

o wes | componentsland2
igenvalue : - ; #PEIE;;EE'ﬁ"x i
¥ ! -~ : - | Label variables
3.0161 BRIk . L .
L3c0[@l | iN\ 5 .| / | N
o.6764[H | P P N 5 S ! N\
os5amal i i i i § . 05 [ WRISwedt )
0.2186 | g g . | = NG §||
01801 : i ~ . : .y | “ /|
o - . H [ | ! f
a1l : - [ I| | . il
= ., - I SP5Citrys iy
D = 00 bovennsseanine e
ar L L] H a |
c - = |
=3 L . =3 \
o . L] [ \ H
£ . . . £ Y i i
o -1 L : o Y H /
= | Y \ : . R
A g . 05\ | High positive
. Ii \\ - "’r
2 ; N | loadings on
. | . ~__  __—dimension1
- T i T
-3 -2 -1 0 1 2 3 -1.0 -0.5 00 05 1.0
Component1 (30.3 %) Component 1 (50.3 %)

Select compenent [Componentl vl [ComponentZ v] E]

4 Formatted Loading Matrix . . .
pint  Pin2 Pz pand pins  pas ®  LoOadings help us interpret meaning

PSWoody  (0.882336 0.348032

Psspicy  0.877634 of components

PSHerbal  0.650136 0.360436 -0.471088  0.469285 . ] o
PSFresh 0.919051  0.30994 * Loadings are correlation coefficients
PSSweet  -0.683711 0.532344 -0.308497 ) )

PSCitrus  -0.754859 0.400728  0.473805 between components/dlmen5|ons
Suppress Absclute Loading Value Less Than — and Variables

Dim Text ——

jmp GSas | B,



MULTIVARIATE PRINCIPAL COMPONENTS ANALYSIS
FLAVORS OF JMP

{ 8372 Cois[
- P3Sweet P5Woody  PSFresh P5Citruis | PSHerbal =~ P5Spicy Prinl Prin2

1 3 4 3 4 4 7 01271634586 -0.803718201 -
2 1 ] 4 3 ] S 09373510535 -0.677519483
3 3 1 4 7 4 1 -2744656595 -0.215015613
4 2 1 2 4 ] 1 -1.551618211 -1.508841984
3 ] 3 4 4 ] 1 -1.826963841 0.6089708875
] 1 7 7 2 7 7 2.50908245145 1.1043223020
) 4 3 ] 4 ] 3 -1.065711%4 0.6704400028
g ] 2] 7 3 4] 2 -0.331360201 23996353047
g 4 1 2 2 1 1 -2.29510520 -1.508492863 -
‘ ] b
4 Summary Plots .
s |  Component Scores characterize the
igenvalue :
fgéi;]fﬁ N ‘] degree of endorsement of each
0.6764 I Y : . . o
o559l | dimension for every observation
0.2186 g 4 . . .
— T - . * PCA Scores can be used in a variety of
5 “ """""" subsequent analyses (e.g., predictive
[ R . models)
LT ) * Score plot facilitates identification of
N observations with very high/low scores
ey and those close to the centroid

Select component [Componentl v] [Componentz v] E]

jmp GSas | B,




MULTIVARIATE
FLAVORS OF JMP

4 [=|Qutlier Analysis
AT? for 6 Principal Components

15+
E
|
i 'l UCL=10.97
104 § A 1
| / | {
| l
= VoA fol A, (
R f II ¥ Ao
Ly A ! — AW Median=5.43
5 1 L T ; I ‘
III / '\ II I| I|I ‘\‘ f ¥
\ / \ { I| |II *\ {
i ¥ \/ AW,
o | v Y
T T T T T T T
0 5 10 15 20 25 30
Sample
a=0.05

There are 1 outliers,

A =|T? Contribution Plots for Selected Samples

1 Sample=26

Contribution

PRINCIPAL COMPONENTS ANALYSIS

New to JMP 14: Outlier Analysis

Enables identification of out-of-control

points (multivariate outliers) through
the T2 statistic

Contribution plots indicate exactly

which variables are contributing most
to the extreme observations




Companent 2 (22.7 %)

Companent 2 (22.7 %)

MULTIVARIATE

FLAVORS OF JMP
3 :
L
| MEIEE.IF |
-1 E
2
IIIIIII | T T T T :
3 2 al 0 1 2
Component 1 (50.3 %)
3 :
] - —5;1F.-‘1:a|5
i W53-G4Femal
IS 42-53Female®
J ]
wotplale
1 32 5305l
-2 -

PRINCIPAL COMPONENTS ANALYSIS

Supplementary variables can be included
to enrich interpretation of components

Supplementary points are displayed at the
averages of the scores of the corresponding
respondents

- E.g., Average of component scores for
males and females results in
coordinates for points in each
dimension/component

Creating “interaction” variables enables
more nuanced interpretation of the plots




j?np MULTIPLE CORRESPONDENCE ANALYSIS §sas

THE POWER




MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

Used with categorical data (ordinal or nominal)
Goals of Analysis:

Goals are similar to PCA but there is much more emphasis on
graphical displays

|dentify underlying structure of data
Study inter-association of variable categories
Study inter-individual variability

Extract dimensions that distinguish individuals

|dentify multivariate outliers




MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

Key output:
MCA Map
Principal inertias (eigenvalues): adjusted values
Principal coordinates (loadings)

Dimension contributions to column inertia (variance overlap
between point and dimension)

Column contributions to total inertia

Column contributions to individual dimensions

Dimension contributions to total inertia (explained variance of
each dimension)




MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

Known as the decomposition of an Indicator matrix or a Burt matrix
Indicator VS Burt

Z C=172"7

The choice makes a difference in the overall “inertia” (eigenvalues,
variance) of the solution, but not on the substantive interpretations

Use adjusted inertia
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MULTIPLE CORRESPONDENCE ANALYSIS

FLAVORS OF JMP
The Data: INE
- P5Woody P5Fresh P5Citrus
1 | Somewhat Woody  Somewhat Fresh | Somewhat Citrus
2 | Somewhat Woody  Somewhat Fresh | Scmewhat Citrus
3 | Not Woody Semewhat Fresh | Very Citrus
4 | Mot Woody Mot Fresh Somewhat Citrus
5 | Somewhat Woody  Somewhat Fresh | Somewhat Citrus
6 | Very Woody Very Fresh Mot Citrus
~ Mot | Somewhat  Very Mot Somewhat | Very Mot Somewhat Very
Woody = Woody Woody | Fresh Fresh Fresh | Citrus Citrus Citrus
1 0 1 0 0 1 0 0 1 0
2 0 1 0 0 1 0 0 1 0
3 1 0 0 0 1 0 0 0 1
4 1 0 0 1 0 0 0 1 0
5 0 1 0 0 1 0 0 1 0
B 0 0 1 0 0 1 1 0 0
{ = Not |Somewhat Very Not Somewhat Very Not Somewhat WVery
- Woody = Woody Woody = Fresh Fresh Fresh | Citrus Citrus Citrus
1 2 0 0 1 1 0 0 1 1
2 0 3 0 0 3 0 0 3 0
3 0 0 1 0 0 1 1 0 0
4 1 0 0 1 0 0 0 1 0
5 1 3 0 0 4 0 0 3 1
& 0 0 1 0 0 1 1 0 0
7 0 0 1 0 0 1 1 0 0
& 1 3 0 1 3 0 0 4 0
Q9 1 0 0 0 1 0 0 0 1
Jmp

Raw Table
Categorical Variables

Z

Indicator Table
Concatenated Categories

Burt Table C = ZTZ

Categories X Categories
Count on diagonal
Contingency on off-diagonal

GSas | B



MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

1 From PCA 1

SVD of: 2 aT\p 2
© Weights: row marginals and Dr 2 (X T 1|'1T)Dc 2

column marginals (masses) of P

7N
1 1
D.%(P—-rc")D_?
/ N

Correspondence Row and column
Matrix marginals (masses)
to center P

P = . Z
= N0

N = number of rows

Q = number of variables (row sums of Z)
Z = indicator matrix




MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

SVD of:
1 1
2 . T 2 __ T
D .%(P—rc")D_ % =USV
.. ) 2 From PCA
Principal Inertias: S Eigenvalues: S?
1 Eigenvectors: V
Standard Coordinates: D_*V Loadings: VS
1 Scores: US

Principal Coordinates for Columns: DC_EVS

Principal Coordinates for Rows: D;EUS




MULTIVARIATE

MULTIPLE CORRESPONDENCE ANALYSIS

FLAVORS OF JMP
| F7] All_Smell_Study-prez - JMP Pro ' =@ = |
File Edit Tables Rows Cols DOE Analyze Graph Tools Add-Ins  View Window Help
HREd @R BEHEE.
| All_Smell_Study-prez Pl 4 a0 cosl>
b Source - P35weet 2 P5Woody 2 P5Fresh 2 P5Citrus 2 P55picy 2 P3Herbal 2

1| Scmewhat Sweet | Somewhat Woody | Sormewhat Fresh | Somewhat Citrus | Very Spicy Somewhat Herbal #

2 | Not Sweet Somewhat Weody  Somewhat Fresh | Somewhat Citrus | Semewhat Spicy  Somewhat Herbal !
| =] Columns (88/0) 3 | Somewhat Sweet  Not Woody Semewhat Fresh  Very Citrus Mot Spicy Somewhat Herbal :
[ PS5weet 2 : 4 | Not Sweet Mot Woody Mot Fresh Somewhat Citrus | Mot Spicy Somewhat Herbal | = ||

: Eg:ﬂ:;d; 2 5 | Semewhat Sweet | Somewhat Woody  Somewhat Fresh | Somewhat Citrus - Mot Spicy Somewhat Herbal ;
i PSCitrus 2 B | Mot Sweet WVery Woody Very Fresh Mot Citrus Wery Spicy Very Herbal |
ol PS5Spicy 23 = 7 | Somewhat Sweet  Somewhat Woody  Somewhat Fresh | Somewhat Citrus | Somewhat Spicy | Somewhat Herbal Ly
«ll PSHerbal 2 8 | Somewhat Sweet Very Woody Very Fresh Somewhat Citrus Mot Spicy Very Herbal |
4 S“F'R':'W 9 Somewhat Sweet Mot Woody Mot Fresh Mot Citrus Mot Spicy Mot Herbal |
A PSLike N 10 Mot Woody Very Fresh Very Citrus Somewhat Spicy Mot Herbal :
*|Rows 11 | Mot Sweet Somewhat Woody  Somewhat Fresh | Mot Citrus Somewhat Spicy  Somewhat Herbal

All rows 27 - 12 | Not Sweet Somewhat Woody | Somewhat Fresh | Mot Citrus Somewhat Spicy | Very Herbal |
E:]:EIET:IE:d g H 13 | Somewhat Sweet | Mot Woody Semewhat Fresh  Very Citrus Mot Spicy Somewhat Herbal :
Hidden 0 14 | Somewhat Sweet  Sormewhat Woody  Very Fresh Mot Citrus Somewhat Spicy  Somewhat Herbal = |
Lakelled 0 1 m ’ |

evaluations done

[ O+

Jmp

Data can be ordinal or categorical

GSas | B



MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

4 Benzecri Adjusted Inertia - Determine ideal number of dimensions:
Adjusted Cumulative
Inertia Inertia Percent Percent 20 40 60 80

- Pareto plot: Use as scree plot. Number of

0.49657 0.15672 7778 7778 J
031287 0.03078  15.28 9306 1 i % i
e o b o] L 1) eigenvalues before the elbow
0.22491  0.00488 2.42 agx| 0 i i ) )
01993 00015 076 10000 | i i | - Dimensions that sum up to ~80% of
< Greenacre Adjusted Inertia adjusted percent of inertia
Adjusted Cumulative
Inertia Inertia Perce Perce 20 40 60 80 . . - .
031287 0.03078 1154 7032 i N .
0.23913  0.00756 2.84 7316 i 0 i) meaning
0.22491  0.00488 1.83 7498| i i )i
019936 0.00154  0.58 7557

- Adjusted inertias give a more accurate idea of the percentage of explained
variance

- Benzeécri adjusted inertias are computed as percentages of the sum of
eigenvalues that are greater or equal to 1/number of column variables

- Inertias tend to be overestimated
- Greenacre adjusted inertias are less optimistic than Benzécri's

jmp OSas | K.




MULTIVARIATE MULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

4 Correspondence Analysis - MCA Map is the key

= feature and contains huge
=tiot Woody nggﬁgz amounts of information
] . enersoey U S0RYS: « Points are plotted
) N according to the column
% i Vyery b Filotfren coordinates
§ 00 ._.I._J.E.ﬁ:_I.,:_.é..-f-.e.u:f..{.@.sh ....... S - Project points onto each
5 Totusst Rsomenpafe dimension to help
P e interpret dimension’s
5 meaning
10 e - Points close to each other
are more strongly
B associated

Dimension 1 (25.7 %, A=0.497)

Select dimension [Dimens'mnl '] [Dimensiunl V] E]

jmp §sas | He.




MULTIVARIATE
FLAVORS OF JMP

£ Column Coordinates

Y

P5Sweet 2
P5Sweet 2
P5Woody 2
P5Woody 2
P5Woody 2
PSFresh 2
PSFresh 2
PSFresh 2
P=Citrus 2
P=Citrus 2
P=Citrus 2
P5Spicy 2
P5Spicy 2
P5Spicy 2
P5Herbal 2
P5Herbal 2
P5Herbal 2

Category
Mot Sweet

Somewhat Sweet
Not Woody
Somewhat Woody
Very Woody

Mot Fresh
Somewhat Fresh
Very Fresh

Not Citrus
Somewhat Citrus
Very Citrus

Not Spicy

Somewhat Spicy
Very Spicy

Not Herbal
Somewhat Herbal
Very Herbal

MULTIPLE CORRESPONDENCE ANALYSIS

Dimension 1 Dimension 2 Dimension 3

-0.520
0.720
1.216
0.337

-1.183
0.382

-0.009

-0.217

-0.615
0.145
1.256
0.925
0.325

-1.136
0.731
0.362

-1.092

-0.109
0.110
1.1%96

-0.955
0.551
0.405

-0.119
0.030

-0.071

-0.330
0.972
0.920

-1.065
0.373

-0.3739

-0.034
0.347

0.184

-0.477

0.422

-0.124
-0.052

0.833

-0.438

0.536
0.393

-0.482

0.303

-0.178

0.376

-0.228

1.291

-0.740

0.179

Column (principal) Coordinates are
like PCA loadings. They help us
interpret meaning of components

Column Coordinates are particularly
helpful when MCA map is too
crowded: we can sort them to
identify which categories are at the
extremes




MULTIVARIATE ~ \ULTIPLE CORRESPONDENCE ANALYSIS
FLAVORS OF JMP

File Edit Tables Rows Cols DOE Analyze Graph Tools Add-Ins  View Window Help I
ﬁl@lﬁtﬂIJﬂéﬁdﬂa_ @EI&*E’_ |
¥ All_Smell_Study-prez Pl 4 esr2cosl -J
b Source - shi 2 P5Citrus 2 P5Spicy 2 P5Herbal 2 Dimension 1 Formula | Dimension 2 Formula
= Columns (30/2) | 1 it Fresh Somewhat Citrus | Very Spicy Somewhat Herbal 0.0992037727 -0.282448245
th P4Comment A 2 {tFresh  Somewhat Citrus | Somewhat Spicy | Somewhat Herbal 0.1515280545 -0.777985038 3
al P5Sweet 3 tFresh  Wery Citrus Mot Spicy Somewhat Herbal 1.0575176597 0.907097286 |~
d P5Woody = 4 Somewhat Citrus | Not Spicy Somewhat Herbal 0.5939469238 0.6103198495
4 P5Fresh M 5 tFresh Somewhat Citrus | Not Spicy Somewhat Herbal 0.5867142157 -0.121433998
= Rows | Gh Mot Citrus Very Spicy Very Herbal -1.126286364 0.3361452069
All rows 27 |- 7 |tFresh Somewhat Citrus  Somewhat Spicy  Somewhat Herbal 0.444 826077 -0.712884979
Selected a gh Somewhat Citrus Mot Spicy Very Herbal -0.165804449 0.4851710004
Excluded 0 H 9 Not Citrus Not Spicy Not Herbal 0.794809028 0.6496003189 _
Hidden 1] e R - R P
Labelled ol~ < [Eme]
”—‘_—_
4 =|Graph Builder
Lo Dimension 2 Formula vs. Dimension 1 Formula & O~
-  Save Coordinate Formula saves Principal
0s . Row Coordinates to the data table, which
s e . characterize the degree of endorsement
E . . . .
5 . of each dimension for every observation
: : * As with PCA Scores, these can be used in
i} ’ a variety of subsequent analyses (e.g.,
03 . . predictive models)
2 I * We can plot row coordinates to identify
» ) observations with very high/low scores
-10 -0.5 00 05 1.0 .
T and those close to the centroid

Jmp GSas | Bs.




MULTIVARIATE

4 Correspondence Analysis
o)
=0 ot Woody
1.0 my,
®Hlot Spic ery Citrus
- W ““'I

05 - W42 53Female :
- Very Spicy BMNot Fresh
" “Very Herbal :
bt
- - !H3|‘1='*-hat ===== eet
T T SO l___l_;_El____h__.___ e
o JJUt ._|t|u W Somenhiat Hemal
= et ';: 0-41Male
= _cm-..hat Fresh
o W53-fdEemale W1E-29Male
5 © o m Somewhat Citrug 5354 0ale
2 lot Herkal
g 054 m42-53Male
8 H

104 =mSomewhat Woo :I-_-r-

*Somewhat Spicy
w55+ Male
-1.5
T T T T T i T T T T T T
-1.5 -1.0 -035 0.0 05 1.0 o)

Dimension 1 [25.7 %, A=0.497)

MULTIPLE CORRESPONDENCE ANALYSIS

As with PCA, Supplementary
variables can be included to enrich
interpretation of dimensions

Supplementary points are displayed
at the averages of the principal row
coordinates of the corresponding
respondents

- E.g., Average for males and
females results in coordinates
for points in each dimension

Creating “interaction” variables
enables more nuanced
interpretation of the plots

Gsas | B
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MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

Used with continuous data
Goals of Analysis:
- ldentify underlying structure of data from multiple sources
Study inter-association of variables across sources of data
Compare information from multiple data tables

- Reduce dimensionality of data accounting for multiple-source
structure (analogous to PCA on Corr vs Cov)

Study inter-association of observations (products in CR)
- Extract dimensions that distinguish observations

|dentify multivariate outliers within and across sources of
data

Graphical displays are also emphasized




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

Source 1 Source 2 Source g
[%] Smell_Study_MFA - JMP Pro ===
File Edit Tables Rows Cols DOE  Analyze Graph Tools Add-Ins View Window Help
S5 LB DBEMEE= |
— —
=) Smell_Study_MFA D4 wen
— = Product Sweet M Woody M | Fresh_M Woody F | Fresh_F || Sweet_Exp Woody Exp | Fresh_Exp
= Columns (182/0) | @ 1| Sweet Orange and Lavender 38 23 45 5. .. 135714. 5.312 1 0 05
iﬁ‘:’;‘ﬁuii’g etc. (6/0) = 2 |[Peppermint, Lemon, and Lavender 34 36 44 3.64285.. 5.1875) 0.666666.. 0.3333233. 1
4 Male Attributes (6/0) & 3| TeaTree 28 4 4802, 4 0 1 0
dll Sweet Mo = a 4 | Eucalyptus and Rosemary 2.8 4.2 45 B3, oo 478571 487 05 ] 1
4l Woody_Mep - & 5| Tea Tree, Eucalyptus, and Lemon 3 36 4502 oo 457142, 456258 0.333333.. 0.3333333.. 0.666666..
a0 == | ] 6 Peppermint and Sweet Orange 18 2.8 42 84, o 1.64285.., : 0.5 0 05
— & 7 | Rosemary and Frankincense 3 4 3.8 31875 414285, : 1 05 03
All rows ]
Selected ol @ g Al 31 32 45 [4.28571... . 0.625 0.25 0.625
Excluded 0
Hidden 0
Labelled g
4 m L4
evaluations done |‘,\ O

Jmp Gsas | H




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

Key output:
Consensus Map
Eigenvalues (aka squared singular values)
Eigenvectors
Loadings
Percent of variance explained by each dimension
Individual component scores
RV Correlations

Block Partial Contributions

Block Partial Scores




MULTIVARIATE MULTIPLE FACTOR ANALYSIS

FLAVORS OF JMP
SVD of:
X.=X—1pu!
=diag(XIX
Row weights SS g( ¢ C) Column weights
(N-1) (5%)
N1 ( _1) 17
2 2 2
Dr XCDSS Dc -1
/ AN D}
Centered Divide each .
data column by V/SS to D_%

normalize X, - cg -




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

SVD of:
_1 ( _1) _1
2 2 2 _ T
D_2\X.D.2)D_ 2 = USV
. 2 From PCA
MFA Eigenvalues: NS Eigenvalues: S?2
1 Eigenvectors: V
MFA Eigenvectors: D_*V Loadings: VS
1 Scores: US
MFA Loadings: VND_?VS
1

MFA Component Scores: \/ND;EUS




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

SVD of:
_1 ( _1) _1
2 2 2 _ T
D 2\X.D_2)D_2 = USV
. __ From MCA
MFA Eigenvalues: NS? rrinclpalinertas: v,
1 Standard Coordinates: DC—:V
. Y Principal Coordinates for Columns:  D_2VS
MFA ElgenveCtorS: DC:V Principal Coordinates for Rows: D;EUS
MFA Loadings: \/NDC_EVS
1

MFA Component Scores: \/ND;EUS




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

- Determine ideal number of dimensions
(most popular):

A Eigenvalues

NMumber Eigenvalue Percent 20 40 60 Eﬂ Cum Percent ° Scree plot Number Of elgenvalues

1 22570 48.072 48.072

2 1103 2340 | O\ 7155 before the elbow

3 05400 11501 | * 83.052

4 03075 6548 © 0 i\ 89,600

5 0.2635 5.592% \ 05,162 * Can use PaI'EtO p|0t or p|0t

6 01510 32160 ¢ i ¢ i 98,407 : . i

7 00748 1583 | i @ 100.000 elgenvalues N GraphBquer

- Doesn’t apply anymore in MFA

- Dimensions that sum up to ~80% of
variance

- All dimensions with coherent
substantive meaning

THE
POWER
TO KNOW.

jmp Gsas




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

4 Summary Plots
Eigenvalue 20 40 60 80 15 : 1.0 Block
22370 _'_Y_I‘ : : osri:mar"an rankincense ® Male Attributes
Eéﬁj:—l ‘r 10 Pepperm?nt_. i.em;n_. adr:Z La:ender Herbal_M : E:;ﬂ:rlteﬁt :'I:}ktlutzs
0.3075 [ 05 Euca.I)fptt;Jsand Rosemary ®
0.2625[1 ¢ i i ' Al 05
0as10) 5 i | Peppermint ang Sweet Orange
o0m8| | i i D'D_"""""""'"""'"""""'"""""'"""""'"'T"e'a"T'r'e'{eﬁ'EL]'c'a'ieriLié_f'a'Ha'[éFn'&iﬁ """"""""
® ' #
2 05 2
o o oo
_‘E 10 *® Sweet Orange and Lavender "é
-15
20 -0.5
®Tea Tree
25 | “ | gh positive
> -3 -2 -1 [IJ 1 2 1.[]-1.[1 -05 [J![J 0.5 qu&llngs on
Diml (48.1 %) Diml (48.1%) dimension 1
Select dimension [Dimensionl v] [Dimensionl v] E]
* Use Score Plot to identify how products “score” e Use Loading Plot to interpret
in each dimension meaning of consensus components
* E.g., Eucalyptus and Rosemary together with * Loadings are correlation coefficients
Tea Tree were rated as highly woody and spicy, between components/dimensions
whereas Sweet Orange and Lavender is and variables

correctly identified as high in sweet and citrus.

jmp GSas | Hs.



Dim2 (23.5 %)

MULTIVARIATE

10 .
_~ E - “
- i . .
- resh_Exp ~
S Herkal_M TF .
A L : Spicy_M ™
yy Sweet_Exp H ¥ N,
054 / N
/ Citrus_Exp nccc;-'.'j,l
|,-'“ Spicy_ \
1/ Fresh_F
| _—
Sweet_F "L::I'_-;_MI
0.0 - Mr———
| Sweet Iy f
“-:'I:IIUS Sr:iu:}f_E:-‘,fI:
a5 l\."'x /
- l‘."\_ '\."'l.'ICCd}"_.E;,":fF
~ itrus_M : H El'haI_E/:-'ﬁ
\\ tesh_M .
e H -
H‘“—-H___h : _d__,-*"
-10 —t—
-1.0 -0.5 0.0 05 1.0
Diml (48.1 %)

Block

& Male Attributes
& Female Attnbutes
® Expert Attributes

MULTIPLE FACTOR ANALYSIS

Use Loading Plot to compare
structure across sources

e E.g., Males have higher
dimensionality than females

Vectors close to each other are more
highly correlated

* E.g., All sources mostly agree on
perceptions of sweet and citrus

Opposing vectors have opposite
meaning

* E.g., experts and males have
opposite interpretation of
freshness




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

“Consensus Vep * Use Consensus Map
. . ' Block . .
Lowest inertia (most e Atbutes to identify agreement
2 agreement between S or disagreement
® Centroid

between sources.

* “Highlight
Product” slider
facilitates this task
by highlighting
low/high inertia
products

* Tea tree was
experienced most
differently across all

* Peppermint, lemon,
and lavender was
experienced most
similarly across all

e Combination of “All”

males and females)

Sweet Orange and Lavender

Dim2 (235 %)

Highest inertia (most
disagreement, males

closer to centroid) scents is closest to the
. origin
-4 -3 -2 -1 [;I 1 2 3 4
Diml (48.1 %)

jmp GSas | Bm.




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

A Partial Axes Plot
Lo T Block * Partial Axes Plot displays
/ -"“--»,h ® Male Attributes .
s | o remacamiies  COrrelations between separate PCA
Dim?2 Male Attributes ! \ ® Expert Attributes . . .
/ | Dimd Female Attrbutes ™\ dimensions across sources with MFA
051/ Dimé Expirt § DWSEHFE,__M__,‘,};.H__E (consensus) dimensions
/ Dim2 Femnale AtNjbutes : Dimd Expert .'l'.::l'iblllll'.e

* 1t MFA dimension is very much

i3 pert Attributes

— i Dimb Female Attribyte I" . . .
p T | like females’ 15t dimension from
Y T S et e Dim. Femals Attihutes] .
o DimS Fermale Attribygs@ W Dirmd Male Attributes | their own separate PCA
[ o L ‘PI n3 Pemale Attributes .'I . . . .
Dim3 s Atributes g N » 2" MFA dimension is most like
NI / males’ own 2" PCA dimension
Jiml Male Attributes : ’
\\ Diml Expert Attributes ’
R s o 0 o * RV Correlations quantify the level of
ol (#8417 shared variance across sources
Select dimension | pimension 1 '] [Dimensionl '] E] . . e
(squared correlation coefficient

4 RV Correlations
Male Attributes Female Attributes Expert Attributes  Centroid

between matrices)

Male Attributes 1.00000 0.65948 0.38017 0.85059

Female Attributes 0.65948 1.00000 0.40677 0.84502 [ 1

Expert Attributes 0.38017 0.40677 1.00000 0.73138 Experts have the |eaSt In

Centroid 0.85059 0.84502 073138  1.00000 common with males and females

jmp GSas | B,



MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

< Block Partial Contributions

Dim1 Dim2 Dim3 Dim4 Dim5 Dim& Dim7 Block
Male Attributes  33,98832 51.24850 3395718 40.B6565 51.20841 21.67875 49.27303 50 . & Male Attributes
Female Attributes  40,74560  4.04003 2697737 21.21832 2215244 14.03899 7.88003 @ & Female Attributes
Expert Attributes  25.26599 4471048 3900545 37.91602 26.54915 64.28226 42.84404 40 ® Expert Attributes
=
Cn
& 30
£
a 20
10
®
0
0 5 1015 20 25 30 35 40 45

Diml (48.1 %)

* Block Partial Contributions quantify
the percentage of contribution to
each MFA dimension from each
block (i.e., source)

* E.g., 15t MFA dimension is mostly
influenced by females’ responses
and least by experts’ responses

jmp GSas | B,




MULTIVARIATE MULTIPLE FACTOR ANALYSIS
FLAVORS OF JMP

Block Partial Scores of Smell_Stud

e

File Edit Tables Rows Cels DOE Analyze Graph Tools Add-Ins  View Window Help
HREH B @EEEE Save Block
= Block Partial 5... '] 4 _ Partial Scores
- Product Block Dim1l Dim2
¥ Columns (3/0) | 1 | Sweet Orange and Lavender Male Attributes -3.071505304 -3.424678434 -
g
. Product ‘ 2 Sweet Orange and Lavender Female Attributes  -3.499323200 -0.750129276
th Block = e
4 Di?ncl 3 | Sweet Orange and Lavender Expert Attributes -1.528198435 13612736095
; - 4 | Peppermint, Lemores - = — =
4 DimZ PRErINE Smell_Study_MFA - JMP Pro C=mREsl X
- Rows | 5 | Peppermint, Lemeon
Al 51 6 Peppermint, Lemon File Edit Tables Rows Cols DOE  Analyze Graph Tools Add-Ins  View Window Help
rows *
Selected 0 7 | Tea Tree | F_ﬂﬁljlg| Ga @ D EEHE ' o=
Excluded Q — =
Hidden 0 8 |Tea Tree = Smell_Study_MFA Dl 4 160l
Labelled 0 9 TeaTree ke_Source - Product Score Diml | Score Dim2 | Sc
* | Columns (192/0) | & 1| Sweet Crange and Lavender -2.69967565  -0.93784467 -
Jl—ike_F “l @ 2 | Peppermint, Lemon, and Lavender 0.2993782061  0.770895243
:t“;";mt @ & 3| TeaTree 1.8465900667 -2.125635276
d s;or:E)iml-#- = @ 4 Eucalyptus and Rosemary 11855330196 0.6493060314
Component Scores can be A Come Pien o l 5| Tea Tree, Eucalyptus, and Lemon  0.6277417044 00217341348
H H H * | Rowe | & 6 | Peppermint and Sweet Crange -1.638519359 0.0864775937
eStImated for |nd|V|dua|S All rows g - & 7| Rosemary and Frankincense 0.666568776 1.0085044559
(here products) or for Selected 0 a g Al 0287616764 0.5265624876 _
Excluded 0 D
Q- 4 ¥

blocks

Hidden

Save Individual
Scores

evaluations done | a O

GSas | B



MULTIVARIATE
FLAVORS OF JMP

Supplementary variables
enrich the interpretation of
our findings

MULTIPLE FACTOR ANALYSIS

1.0 —————

Product Like F |Like_M
Sweet Orange and Lavender 3.8235204 34
Peppermint, Lemeon, and Lavender  3.5882353 25
Tea Tree 26470588 31
Eucalyptus and Rosemary 3.4705882 20
Tea Tree, Eucalyptus, and Lemen  2.9411765 20
Peppermint and Sweet Orange 3.4705882 31
Resemary and Frankincense 3.2041176 2.8
All 3.291176 3

" : ~_
- R
" Herbal v EFresh-Eep \
S Sweel Exp : Spicy
05- /LikeF , ~_
. \1
|ll | \' .I
- {/CitrusER -
= | Fresh_F .
u"! C -
o SWEE |
o o0+
N 5 s n
E | S EE L : III
Vst ..
. S
-0.5 :\ I‘-'I"-'ICCd}-:.fE:_:F
: Herbal_Fap
LA
-1.0 | -~ |
'1.{] _{]5 {]I{] {]5 llﬂ
Diml [48.1 %)

Males liked best the scents they
perceived as citrus and somewhat
sweet and fresh, and didn’t like those
scents they perceived as spicy.

Block

® Male Attnbutes

® Female Attributes
® Expert Attributes
® Supplementary

GSas | B
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